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Introduction 

be a torsion-free cocompact lattice. Then T acts on the 
C C d_1 by holomorphic automorphisms. The quotient is a 

complex manifold, which has a unique structure of a complex projective variety Xr 
(see |Sha|, Ch. IX, §3]). 

Shimura had proved that when V is an arithmetic congruence subgroup, Xr has 
a canonical structure of a projective variety over some number field K (see |Pcl|| or 
[Mil | ). For certain arithmetic problems it is desirable to know a description of the 
reduction of Xr modulo w, where w is some prime of K. In some cases it happens 
that the projective variety Xr has a p-adic uniformization. By this we mean that 
the i^-analytic space (X r ® K K w ) an is isomorphic to A\Q for some p-adic analytic 
symmetric space Q and some group A, acting on Q discretely. Then a formal scheme 
structure on A\fl gives us an Cx m -integral model for Xr ®k K w . 

Cherednik was the first who obtained a result in this direction. Let F be a 
totally real number field, and let B/F be a quaternion algebra, which is definite 
at all infinite places, except one, and ramified at a finite prime v of F. Then 
Cherednik proved in |Ch2j | that the Shimura curve corresponding to B has a p-adic 



uniformization by the p-adic upper half-plane Q F , constructed by Mumford (see 
|Muml| ), when the subgroup defining the curve is maximal at v. Cherednik's proof 
is based on the method of elliptic elements, developed by Ihara in flh . 
The next significant step was done by Drinfel'd in [pr2| . 

see below). Then, when F = 



certain covers of Q% 



First he constructed 
he proved the existence of a 
p-adic uniformization by some of his covers for all Shimura curves, described in the 
previous paragraph, without the assumption of maximality at v. The basic idea of 
Drinfel'd's proof was to invent some moduli problem, whose solution is the Shimura 
curve as well as a certain p-adically uniformized curve, showing, therefore, that they 
are isomorphic. 

Developing Drinfel'd's method, Rapoport and Zink (see ||RZ1| , |Ra| ) obtained some 
higher-dimensional generalizations of the above results. 
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In this paper we generalize Cherednik's method and prove that certain unitary 
Shimura varieties and automorphic vector bundles over them have a p-adic uni- 
formization. Our results include all previously known results as particular cases. 

We now describe our work in more detail. Let F be a totally real number field 
of degree g over Q, and let K be a totally imaginary quadratic extension of F. Let 
D and D int be central simple algebras of dimension d 2 over K with involutions of 
the second kind a and a mt respectively over F. Let G := GU(f , a) and G int : = 
GXJ(D mt ,a mt ) be the corresponding algebraic groups of unitary similitudes (see 
Definition |2.1.1| and Notation |2.1.2| for the notation). 

Let v be a non-archimedean prime of F that splits in K, let w and w be the 
primes of K that lie over v, and let ooi be an archimedean prime of F . Suppose 
that D mt ®x K w has Brauer invariant 1/d, that D ®k K w = M&td(K w ), and that 
the pairs (D, a) ®f F u and (D mt , a mt ) <S>f F u are isomorphic for all primes u of F, 
except v and ooi. Assume also that a is positive definite at all archimedean places 
F QOj = E of F, that is that G^J = GU d (R) for all i = 1, and that the 
signature of a int at ooi is (d - 1, 1), so that G^^F^J = GU d -i,i(K). 

Let A F and A F V be the ring of finite adeles of F and the ring of finite adeles 
of F without the v-th. component respectively. Set E' := F* x G(Ap V ), and fix 
a central simple algebra D w over K w of dimension d 2 with Brauer invariant 1/d. 
Then G int (A^) = D* x E' and G{A f F ) ^ GL d (K w ) x E' . In particular, the group 
GLd(-Km) acts naturally on G(A£) by left multiplication. 

Let Qj( be the Drinfel'd's (d — l)-dimensional upper half-space over K w con- 
structed in |Drl|| , and let {S^"} neNU { } be the projective system of etale coverings 
of fix constructed in |Dr2|| . This system is equipped with an equivariant action 
of the group Gh^(K w ) x D* such that if T n denotes the n-th congruence subgroup 
of 0~ , then we have T n \S^™ = S^™ for all m > n (see |1.3.1| and |1.4.1| for our 

notation and conventions, which differ from those of Drinfel'd). 

Denote by G int (F)+ the set of all d G (D int ) x such that d ■ a int (d) is a totally 
positive element of F. Choose an embedding K > C, extending ooi : F R. It 
defines us an embedding G int (F) + ^ GU d -i,i(M)° = Aut( J B d - 1 ). Choose finally 
an embedding of K w into C, extending that of K. 

For each compact and open subgroup S of E' and each non-negative integer n let 
Xs,n be the weakly-canonical model over K w of the Shimura variety corresponding 
to the complex analytic space (T n x S)\[ B d ~ l x G int (A^)]/G int (F) + and to the 
morphism h : S — > G mt £g>Q R, described in |3.1.1| (see Definition |3.1.12| and Remark 
^.1.13 for the definitions). The experts might notice that our h is not the one usually 
used in moduli problems of abelian varieties. 
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Let Vs, n be the canonical model of the automorphic vector bundle on Xs, n (see 
Mil| , III] or the last paragraph of the proof of Proposition [4.3. 1| for the defini- 



tions), corresponding to the complex analytic space (T n x S)\[/3^(W tw ®k u 
G int (A^)]/G int (F)+ (see fTO! for the necessary notation). 

Let Ps, n be the canonical model of the standard principal bundle over Xg }Jl (see 
|Mil| , III] or Corollary |4.7.2| for the definitions), corresponding to the complex ana- 
lytic space (T n x 5)\[5 d - 1 x (PG int ® Q C) an x G int (A^)]/G int (F) + (see |T| for 
the necessary notation). 

Main Theorem . For each compact and open subgroup S of E' and each n G 
NU {0} we have isomorphisms of K w -analytic spaces: 

a) (X s>n )™ A GL d (i^)\[£g x (S\G(A f F )/G(F))}; 

b) (V s , n ) an A GL d (K w )\[(3^ n (W an ) x (S\G(A f F )/G(F))} (see^J^for the nec- 
essary notation), where the group GL d (K w ) acts on f3l, n (W an ) as the direct factor 
of (G ®q K W )(K W ), corresponding to the natural embedding K <^-> K w ; 

c) (P s ,n) an ^ [GL d {K w )\[E d £ x ((PG® Q ^)» x (S\G(A f F )))/G(F)]] tw (see 
for the definition of the twisting () tw ), where the group GLd(^) acts trivially 

on (PG ® Q K w ) an . 

These isomorphisms commute with the natural projections for Si C 5*2, ni > n 2 
and with the action ofG int (A f F ) = D* x F v x x G(A f /). 

The idea of the proof is the following. Consider the p-adic analytic varieties 
Ys, n of the right hand side of a) of the Main Theorem. They form a projective 
system, and each of them has a natural structure Ys n of a projective variety over 



K w . Kurihara proved in |[Ku|| that for every torsion-free cocompact lattice V C 
PGLd(-Km) the Chern numbers of T\Vtj <w are proportional to those of the (d — 1)- 
dimensional projective space and that the canonical class of rXO^- is ample. The 
result of Yau (see ||Ya|| ) then implies that B d ~ x is the universal covering of each 



connected component of the complex analytic space ^Xs.n®K w ^) an for all sufficiently 
small S G F{E) and all embeddings K w <^-> C. 

It is technically better to work with the inverse limit of the Ys^'s equipped with 
the action of the group G int (A£) = D* x E' on it rather then to work with each lg n 
separately. Generalizing the ideas of Cherednik ||Ch2|| we prove that there exists a 
subgroup A C GU d _i i i(M)°xG int (A^) such that (Y s>n ® Kw C) an S {T n x S^B^ 1 x 
G int (A^,))/A for all compact open subgroups S C E' and all n G N U {0}. 

Using Margulis' theorem on arithmeticity we show that the groups A and G int (F) + 
are almost isomorphic modulo centers. More precisely, we show that {Ys >n ®k w C) an 
is isomorphic to a finite covering of (Xs, n ®k w C) ari . Using Kottwitz' results [Ko 



on local Tamagawa measures we find that the volumes of {Ys,n ®k w C) a ™ and 
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(Xs, n ®K w C) an are equal. It follows that the varieties Yg )n ®K w C and Xs, n ®K w C are 
isomorphic over C. Comparing the action of the Galois group on the set of special 
points on both sides we conclude that Y Sn and X Sn are actually isomorphic over 
K w . 

Notice that if one considers only Shimura varieties corresponding to subgroups 
which are maximal at w, then the use of Drinfel'd's covers in the proof of the p-adic 
uniformization is very minor. (We use them only for showing that the p-adically 
uniformized Shimura varieties have Brauer invariant 1/d at w, that probably can be 
done directly.) In this case the proof would be technically much easier but contain 
all the essential ideas. 

The proof of the p-adic uniformization of standard principal bundles is similar. 
In addition to the above considerations it uses the connection on principal bundles. 
Using the ideas from |Mil| , III] we show that the p-adic uniformization of standard 
principal bundles implies the p-adic uniformization of automorphic vector bundles. 
In fact Tannakian arguments show (see |pM| ) that these statements are equivalent. 



This paper is organized as follows. In the first section we introduce certain con- 
structions of projective systems of projective algebraic varieties, give their basic 
properties and do other technical preliminaries. 

In the second section we give two basic examples of such systems. Then we 
formulate and prove the complex version of our Main Theorem for Shimura varieties. 

The third and the forth sections are devoted to the proof of the theorem on 
the p-adic uniformization of Shimura varieties and of automorphic vector bundles 
respectively. 

Our proof appears to be very general. That is starting from any reasonable 
p-adic symmetric space, whose quotient by an arithmetic cocompact subgroup is 
algebraizable, we find Shimura varieties uniformized by it. For example, in another 
work ( ||Va|| ) we extend our results to Shimura varieties uniformized by the product of 
Drinfel'd's upper half-spaces. Hence it would be interesting to have more examples 
of such p-adic symmetric spaces. 

Our result on the p-adic uniformization of automorphic vector bundles is not 
complete, because we prove the p-adic uniformization only under the assumption 
that the center acts trivially. In fact our proof of the complex version of the theorem 
works also in the general case, but to get an isomorphism over K w one should 
understand better the action of the Galois group on the set of special points. 

After this work was completed, it was pointed out to the author that Rapoport 
and Zink have recently obtained similar results concerning the uniformization of 
Shimura varieties by completely different methods (see | RZ2|| ). 



Notation and conventions 
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1) For a group G let Z(G) be the center of G, let PG := G/Z{G) be the adjoint 
group of G, and let G der be the derived group of G. 

2) For a Lie group or an algebraic group G let G° be its connected component of 
the identity. 

3) For a totally disconnected topological group E let T{E) be the set of all 
compact and open subgroups of E, and let E dlsc be the group E with the discrete 
topology. 

4) For a subgroup T of a group G let ComrriGiX) be the commensurator of V in 

G. 

5) For a subgroup T of a topological group G let V be the closure of V in G. 

6) For a set X and a group G acting on X let X G be the set of all elements of X 
fixed by all g G G. 

7) For a set X, a subset K of X and a group G acting on X let StahciY) be the 
set of all elements of G mapping Y into itself. 

8) For an analytic space or a scheme X let T(X) be the tangent bundle on X. 

9) For a vector bundle 1/ on X and a point x G X let 14 be the fiber of V over x. 

10) For an algebra D let _D OKP be the opposite algebra of D. 

11) For a finite dimensional central simple algebra D over a field let S , D X be the 
subgroup of D x consisting of elements with reduced norm 1. 

12) For a number field F and a finite set N of finite primes of F let be the 
ring of finite adeles of F, and let Ap N be the ring of finite adeles of F without the 
components from N. 

13) For a field extension K/F let Hk/f be the functor of the restriction of scalars 
from K to F. 

14) For a natural number n let I n be the n x n identity matrix, and let B n C <C n 
be the n-dimensional complex unit ball. 

15) For a scheme X over a field X and a field extension L of K write X^ or 
X ®x £ instead of X Xspecif SpecL. 

16) For an analytic space X over a complete non-archimedean field K and a for 
a complete non-archimedean field extension L of K let X£*D^-L be a field extension 
from X to L. (A completion sign will be omitted in the case of a finite extension). 

17) By a p-adic field we mean a finite field extension of Q p for some prime number 
p. Let C p be the completion of the algebraic closure of Q p . 

18) By a p-adic analytic space we mean an analytic space over a p-adic field in 
the sense of Berkovich [ Pcl| . 



19) For an affinoid algebra A let Ai(A) be the affinoid space associated to it. 
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I. Basic definitions and constructions 
1.1. General preparations. 

Definition 1.1.1. A locally profinite group is a locally compact totally disconnected 
topological group. In such a group E, the set T{E) forms a fundamental system of 
neighbourhoods of the identity element, and f] S = {1}. 

Lemma 1.1.2. Let E be a locally profinite group, and let X be a separated topo- 
logical space with a continuous action E x X — > X of E. For each S G J~{E), set 
Xs := S\X. Then {X$}s is a projective system, and X = limX^. 

s 



Proof, pil] , Ch. II, Lem. 10.1] □ 



This lemma motivates the following definition. 

Definition 1.1.3. Let X be a separated scheme over a field L, let E be a locally 
profinite group, acting L-rationally on X. We call X an (E, L) -scheme (or simply 
an E-scheme if L is clear or is not important) if for each S G F{E) there exists a 
quotient Xs '■— S\X, which is a projective scheme over L, and X = lirnXg. 

s 

The following remarks show that E'-schemes are closely related to projective sys- 
tems of projective schemes, indexed by F(E). 

Remark 1.1.4. If X is an E-scheme or merely a topological space with a continuous 
action of E, then for each g G E and each S,T G F{E) with S D gTg^ 1 we have a 
morphism ps,r(g) '■ Xr — ► Xg, induced by the action of g on X and satisfying the 
following conditions: 

a) ps,s(g) =Id if g e S; 

b) psAg) ° pT,n( h ) = ps,n(g h )'i 

c) if T is normal in S, then pt,t defines the action of the finite group S/T on Xr, 
and Xs is isomorphic to the quotient of Xy by the the action of S/T. 

Remark 1.1.5. Conversely, suppose that for each S G ^{E) there is given a scheme 
Xs, and for each g E E and each S,T E T{E) with S 1 D gTg' 1 , there is given a 
morphism ps,r(g) '■ Xt — > Xs, satisfying the conditions a)-c) of |1.1.4j . Then for each 
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T C S there is a map ps,r(X) '■ Xt — > Xs, which is finite, by condition c). In this 
way we get a projective system of schemes and we can form an inverse limit scheme 
X := limXs- Then there is a unique action of E on X such that for each g G E and 

s 

each S G J-{E) the action of (7 on X induces an isomorphism p g s g -i,s '■ X s —> X gSg -i. 
It follows from c) that Xs —> S\X for each S G ^{E). 

Definition 1.1.6. Let E be a topological group, which is isomorphic to E under 
an isomorphism $ : E — > E. We say that an (E, L)-scheme X is ^-equivariantly 
isomorphic to an (i?, L)-scheme X if there exists an isomorphism : X —>■ X of 
schemes over L such that for each g £ E we have o g = $>(g) o 0. If in addition 
E = E and is the identity, then we say that is an isomorphism of (E, L) -schemes. 

Definition 1.1.7. Let L2/L1 be a field extension. We say that an (E, Li)-scheme 
X is an L2/ L\- descent of an (E, Z/2)-scheme K if the (E, L2)-schemes Xl 2 and V 
are isomorphic. 

Suppose from now on that E is a noncompact locally profinite group. 

Notation 1.1.8. For a topological group G and a subgroup r C G x let pr^ and 
pr E be the projection maps from r to G and E respectively. Set r G := pr G (r), Y E : = 
pr s (r) and T s := pr G (r fl(Gx £)) for each 5 G ^(E). For each 7 G T set 
7g := pr G (7) and 7^ := pr^). 

Lemma 1.1.9. Let T C G x E be a cocompact lattice. Suppose that pre is injective. 
Then for each S G F{E) we have the following: 

a) \S\E/T E \ < 00; 

b) [T G : T s ) = 00; 

c) Ts is a cocompact lattice of G; 

d) T G C Comm G (T s ). 

Proof, a) Since the the double quotient (G x S)\(G x E)/Y = S\E/Y E is compact 
and discrete, it is finite. 

b) The group E is noncompact, therefore \S\E\ = 00. Hence [T E : S H T E ] = 
\S\ST E \ = 00. But T G = pr G (r) = pr G (pr^ 1 (r £; )), and likewise T s = pr G (pr B 1 (r £; n 
S)). Since pr G is injective, we are done. 

c) The group T is a cocompact lattice in G x E, hence r D (G x S) is a cocompact 
lattice in G x S, and the statement follows by projecting to G (see [ |5hi| , Prop. 1.10]). 

d) Let 7 G T, and set S' = -fsS^ 1 G T{E). Then 7 (r n (G x S))-/- 1 = 
rn(GxS"). But SnS' G J-'(E) is a subgroup of finite index in both S and S', hence 
lG^sl G l H = T^ns' is a subgroup of finite index in both Ts and 7GF57C 1 . □ 
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Suppose that d > 2, and take G equal to PGh^(K w ) for some p-adic field K w 
or to PGUd-i,i(K) . We shall call these the p-adic and the real (or the complex) 
cases respectively. 

Proposition 1.1.10. Under the assumptions of Lemma [1.1. Q we have: 

a) T^D G der ; 

b) prE is injective; 

c) for each S £ ^(E), the group Ts is an arithmetic subgroup of G in the sense 
of Margulis (see [|Ma|, pp.292],); 

d) if S £ J-'(E) is sufficiently small, then the subgroup T aSa -i is torsion-free for 
each a £ E. 

Proof, a) For each S £ F{E), Ts is cocompact in G and [To '■ Ts] = oo. It 
follows that Tg is a closed non-discrete cocompact subgroup of G. Therefore its 
inverse image 7r~ 1 (r G ) in SU ( j_i j i(R) (resp. SL d (K w )) is also closed, non-discrete 
and cocompact, hence by |[Ma| , Ch. II, Thm. 5.1] it is all of SU £ j_i ) i(M) (resp. 
SLd (K w )). This completes the proof. 

b) Set T := prc(KerprE). This is a discrete (hence a closed) subgroup of G, 
which is normal in Fq- Therefore it is normal in Tq 3 G der . It follows that each 
7 £ To must commute with some open neighborhood of the identity in G der , hence 
Tq is trivial. 

c) is a direct corollary of [Ma, Ch. IX, Thm. 1.14] by b)-d) of Lemma [TT1| 



d) (compare the proof of | |Chl| , Lem. 1.3]) Choose an S £ F(E), then Ts C G is 
a cocompact lattice. 

Lemma 1.1.11. The torsion elements ofTs comprise a finite number of conjugacy 
classes in T S - 

We first complete the proof of the proposition assuming the lemma. Let 
E be representatives of double classes Te\E/S (use Lemma |1.1.9| , a)). For each 
i = 1, ...,n let Mi C T a . Sa -i be a finite set of representatives of conjugacy classes 
of torsion non-trivial elements of T„ c -i. Then the image of all non-trivial torsion 

elements of T a ^ Sa -i under the natural injection ji : T a ^ Sa -i ^ T R (G x a^Sa" 1 ) 

aiSa' 1 S is contained in the set Xi = {s ■ j'j(Mj) • £ S}, which is compact 
and does not contain 1. Hence there exists T £ T{E) not intersecting any of the 
Xi's. By taking a smaller subgroup we may suppose that T is a normal subgroup 
of S. Since all the jj's are injective, the subgroup T T -i = j~ 1 (T) is torsion-free 
for each % = 1, n. For each a £ E there exist % £ {1, n}, s £ S and 7 £ T such 
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that a = 7£diS. Hence the subgroup 

r aT a-i =rn(Gx aTa" 1 ) =rn (^G^ 1 x t^tVts 1 ) 

= 7 (r fl(Gx a^Tar 1 )^ 1 - r 0iTorl 
is torsion-free. □ 



Proof, (of the lemma) The group G acts continuously and isometrically on some 
complete negative curved metric space Y. Indeed, in the real case Y = B d ~ x with 
the hyperbolic metric. In the p-adic case Y is a geometric realization (see |B 



Ch. I, appendix]) of the Bruhat-Tits building A of SLd^). This is a locally 
finite simplicial complex of dimension d — 1 which can be described as follows. Its 
vertices are the equivalence classes of free C^-submodules of rank d of the vector 
space K™, where M and N are equivalent when there exists a G K* such that 
M = aN. The distinct vertices A l5 A 2 , A& form a simplex when there exist for 
them representative lattices Mi, M 2 , M*. such that Mi D M 2 D ... D M% D it Mi. 



For more information see | Mus , §1] or |Bi], Ch. V, §8 



The geometric realization Y of A has a canonical metric, that makes Y a complete 



metric space with negative curvature (see jBi], Ch. VI, §3]). Moreover, the natural 
action of PGLd^) on the set of vertices of A can be (uniquely) extended to the 
simplicial, continuous and isometric action on Y. 



Now the Bruhat-Tits fixed point theorem (see |fBr| , Ch. VI, §4, Thm. 1]) implies 
that each compact subgroup of G has a fixed point on Y. In particular, each torsion 
element of G has a fixed point on Y. Notice that in the p-adic case it then stabilizes 
the minimal simplex, containing the fixed point. 

Conversely, the stabilizer in G of each point of Y is compact. In the real case 
this is true, since the group PGUd-i,i(IR) acts transitively on B d ~ x and the group 
K = Stab B d-i(0) = Ud-i(IR) is compact. In the p-adic case the group PGLd^) 
acts transitively on the set of vertices, and the stabilizer of the equivalence class of 
O d Kw C K d is PGLd(OK w ), hence it is compact. Since the stabilizer in G of each 
point y EY must stabilize the minimal simplex a containing y, it must permute the 
finitely many of vertices of a, so that it is also compact. It follows that the stabilizer 
of each point of Y in Y $ is compact and discrete, hence it is finite. 

To finish the proof of the lemma in the real case we note that for each x e B d ~ l 
there exists an open neighbourhood U x of x such that T x := {g 6 T s \g(U x ) R U x ^ 
0} = {g G Fs\g(x) = x} is finite (see ||Shi| , Prop. 1.6 and 1.7]). The space TsXB 4 ^ 1 
is compact, hence there exist a finite number of points Xi, x 2 , x m of B d ~ l such 
that r^U™! U Xi ) = B^ 1 . If 7 is a torsion element of Ts, then it fixes some point 
of B d ~ l . By conjugation we may assume that it fixes a point in some U Xi , therefore 
7 is conjugate to an element of the finite set U£Li F Xi - 
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In the p-adic case we first assert that A has only a finite number of equivalence 
classes of simplexes under the action of r$. Since A is locally finite, it is enough to 
prove this assertion for vertices. The group G acts transitively on the set of vertices, 
and G = Ts ■ K for some compact set K C G. Hence if v is a vertex of A, then K ■ v 
is a compact and discrete (because the set of all vertices of A is a discrete set in Y) 
subset of Y, and our assertion follows. Now the same considerations as in the real 
case complete the proof. □ 

1.2. GAGA results. In what follows we will need some GAGA results. Let L be 
equal to K w in the p-adic case and to C in the complex case. We will call both 
the complex and the p-adic (L-) analytic spaces simply analytic spaces. Recall 
that for each scheme X of locally finite type over L and each coherent sheaf F on 
X a certain L-analytic space X an and a coherent analytic sheaf F an on X an can be 
associated (see ||Bel| , Thm. 3.4.1] in the p-adic case and |SGA1| , Exp. XII] in the 



complex one) 

Theorem 1.2.1. Let X be a projective L-scheme. The functor F i— > F an from the 
category of coherent sheaves on X to the category of coherent analytic sheaves on 
X an is an equivalence of categories. 

Proof. In the complex case the theorem is proved in ||5el| , §12, Thm. 2 and 3], in 
the p-adic one the proof is the same. One first shows by a direct computation that 
the p-adic analytic and the algebraic cohomology groups of P n coincide. Next one 
concludes from Kiehl's theorem (see [Bel] , Prop. 3.3.5]) that the cohomology group 



of an analytic coherent sheaf on P n is a finite dimensional vector space. Now the 
arguments of Serre's proof in the complex case hold in the p-adic case as well. See 



Bel| , 3.4] for the relevant definitions and basic properties. □ 



Corollary 1.2.2. a) If X is an algebraic variety over L and X' is a compact L- 
analytic subvariety of X , then X' is a proper L- algebraic subvariety of X. 

b) The functor which associates to a proper L-scheme X the analytic space X an 
is fully faithful. 

Proof. Serre's arguments (see ||Sel| , §19, Prop. 14 and 15]) hold in both the complex 



and the p-adic cases. □ 

Corollary 1.2.3. Let X be a projective L-scheme. The functor X' > (X') an in- 
duces an equivalence between: 

a) the category of vector bundles of finite rank on X and the category of analytic 
vector bundles of finite rank on X an ; 

b) the category of finite schemes over X and the category of finite L-analytic 
spaces over X an , if L is a p-adic field. 
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Proof, a) To prove the statement we first notice that the category of vector bundles 
of finite rank is equivalent to the category of locally free sheaves of finite rank. In 



the algebraic case this is proved in |[Ha| , II, Ex. 5.18]. In the analytic case the proof 
is similar. Now the corollary would follow from the theorem, if we show that locally 
free analytic sheaves of finite rank correspond to locally free algebraic ones. The 
analytic structure sheaf is faithfully flat over the algebraic one (see ||Sel| , §2, Prop. 
3] and |[Bel , Thm. 3.4.1]). Therefore the statement follows from the fact that an 



algebraic flat coherent sheaf is locally free (see [|Mi2j , Thm. 2.9]). 

b) We first show that the correspondence (<p : Y — > X) \— > (p*(Oy) (resp. (<p : 
Y — > X an ) i — > (p*(Oy)) gives an equivalence between the category of finite schemes 
(resp. analytic spaces) over X (resp. X an ) and the category of coherent Ox~ (resp. 



Ox a "—) algebras. In the algebraic case this is proved in [Ha, II, Ex. 5.17]. In the 
analytic case the proof is exactly the same, because a finite algebra over an affinoid 
algebra has a canonical structure of an affinoid algebra (see [ Bel| , Prop. 2.1.12]). □ 



Remark 1.2.4. If X' is finite over X, then it is projective over X, therefore if, in 
addition, X is projective over K w , then X' is also projective over K w . 

Corollary 1.2.5. Let X and Y be projective L-schemes, and let W and V be alge- 
braic vector bundles of finite ranks on X and Y respectively. Then for each analytic 
map of vector bundles f : W an — > V an covering some map f : X —>■ Y there exists a 
unique algebraic morphism g : W — > V such that g an = f . 

Proof. By defin ition, /factors uniquely as W an -A V an x Y anX an = (Vx Y X) an 
V an . Corollary |1.2.3| implies that there exists a unique g' : W — > V x Y X such that 

{g') an = 9'- Set 9 ■= Proj o g'. 

For the uniqueness observe that if h : W — *■ V satisfies h an = g, then it covers 

/. Hence h factors as W V x Y X ^— i V. Since /' and g' are unique, we have 
h' = g' and h = g. □ 



Remark 1.2.6. Using the results and ideas of | SCA1| , Exp. XII] one can replace 



in the above results the assumption of projectivity by properness. 

We now introduce two constructions of .E-schemes which are basic for this work. 
1.3. First construction. 

1.3.1. Let £l d Kw be an open iC-analytic subset of (P/^ 1 ) an , obtained by removing 
from (P^) an the union of all the /^-rational hyperplanes (see ||Bel|| and [Pe3|| 



for the definition and basic properties of analytic spaces). It is called the (d — 1)- 
dimensional Drinfel'd upper half-space over K w (see also [prl| , §6]). Then Vt d K is the 
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generic fiber of a certain formal scheme VL d K over Ok w , constructed in | |Mus| , |Ku| |, 
generalizing ||Muml|| . 



The group PGLd(K w ) acts naturally on fl^ . (It will be convenient for us to 
consider P rf_1 as the set of lines in A d and not as the set of hyperplanes, as Drinfel'd 
does. Therefore our action differs by transpose inverse from that of Drinfel'd.) 
Moreover, this action naturally extends to the C^-linear action of PGLd(i^ w ) on 
fix . Furthermore, PGL ( j(i{' m ) is the group of all formal scheme automorphisms 
of over Ok w (see ||Musj , Prop. 4.2]) and of all analytic automorphisms of flj^ 



over K w (see ||Be2|| ). Though the action of PG~L d (K w ) on £l Kw is far from being 
transitive, we have the following 

Lemma 1.3.2. There is no non-trivial closed analytic subspace of flf Cw <^>K w C p , in- 
variant under the subgroup 



U=<U,:-- 



h-l 


X 





1 



x G Kt v } C PGL d (K u 



Proof. Suppose that our lemma is false. Let Y be a non-trivial [/-invariant closed 
analytic subset of Vt d Kw ®K w ^-p- Then dimF <divnVL d Kw ®K VL , < C- P — d — 1. Choose a 
regular point y G Y(C P ) (the set of regular points is open and non-empty). Then 
dimT y (Y) =dimF < d — 1. Next we identify ®k w ^p with an open analytic 
subset of (K d T l ) an by the map ( Zl : ... : z d ) i-> (f^, ^). Then U s (z) = z + x 
for every z G A^." 1 and every x G A d_1 (/^ u ,). In particular, y + x G Y for every 
x G A a!_1 (_ft' ?i ,), contradicting the assumption that dimT y (Y) < d — 1. □ 

Recall also that the group PGUd-i,i(lR) acts transitively on B d ~ x and that it 
is the group of all analytic (holomorphic) automorphisms of B d ~ l (see [R~u, Thm. 
2.1.3 and 2.2.2]). 

In what follows we will need the notion of a pro-analytic space. 

Definition 1.3.3. A pro-analytic space is a projective system {X a } ae / of analytic 
spaces such that for some a G I all transition maps (pp a : Xp — > X a ; [3 > a > a 
are etale and surjective. 



Definition 1.3.4. By a point of X := {X a } a( zj we mean a system {x a } ae j, where 
x a is a point of X a for all a G /, and <fp a (xp) = x a for all j3 > a in /. For a point 
x = {x a } aeI of X = {X a } aeI let T X (X) := {v = {v a } aeI \ v a G T Xa (X a ), dip a p(vp) = 
v a for all (3 > a in 1} be the tangent space of x in X. 
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Definition 1.3.5. Let X = {X a } a( zj and Y = {Yp}p e j be two pro-analytic spaces. 
To give a pro- analytic morphism f : X — > Y is to give an order-preserving map 
o~ : I —> J, whose image is cofinal in J, and a projective system of analytic morphisms 
f a : X a — > Y^q,). A morphism / is called Stale if there exists a G I such that for 
each a > ao the morphism f a is etale. 



Construction 1.3.6. Suppose that r C G x E satisfies the conditions of Lemma 



L~9[ We are going to associate to Y a certain (E, L)-scheme. 
Let X° be B d ~ l in the real case and Qrfc in the p-adic one. Consider the L- 
analytic space X := (X° x E dlsc ) /T, where V acts on X° x E dtsc by the natural right 
action: (x, (7)7 := [Jq x, gjE)- Then acts analytically on X by left multiplication. 

Proposition 1.3.7. For each S G quotient S\X = S\(X° x £)/T exzsfo 

and /ias a natural structure of a projective scheme X$ over L. 

Proof. First take S G J~{E) satisfying part d) of Proposition |1.1.10| . Then S\X has 
\S\E/Ye\ < 00 connected components, each of them is isomorphic to r aSa -i\X° for 
some a G E. By c), d) of Proposition |1 . 1 . 10| , each r a s a -i is a torsion-free arithmetic 
cocompact lattice of G. 

By [ |5hi| , Prop. 1.6 and 1.7], |(5ha| , Ch. IX, 3.2] in the real case and by [[Musj] or 



||Ku!| in the p-adic one, each quotient r a s a -i\X° exists and has a unique structure 
of a projective algebraic variety over L. Therefore there exists a projective scheme 
X s over L such that Xf = S\X. 

Take now an arbitrary S G F{E). It has a normal subgroup T G F{E) which 
satisfies part d) of Proposition |1.1.10| . The finite group S/T acts on T\X = X^ n 
by analytic automorphisms, and S\X = (S/T)\X^ n . Corollary 1.2.2| implies that 



the analytic action of S/T on X^ n defines an algebraic action on X? and that the 
projective scheme X s := (S/T)\X T (the quotient exists by |[Mum2| , §7]) satisfies 



(Xs) an — S\X. Moreover, the same corollary implies also that the algebraic struc- 
ture on S\X is unique. □ 

For all g G E and all S,T G T{E) with S D gTg^ 1 we obtain by Remark |1.1.4| 
analytic morphisms ps,r{g) '■ X^! 1 — > Xg n . They give us by Corollary |1.2.2j uniquely 
determined algebraic morphisms ps,r{g) '■ X? — > Xs, which provide us by Remark 
p..l.5| an (E, L)-scheme X := limX^. 



Proposition 1.3.8. a) There exists the inverse limit X an of the Xg n 's in the cat- 
egory of L- analytic spaces, which is isomorphic to X. 
b) Stab E (X° x {1}) = T E . 
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c) Let Xq be the connected component of X such that X^ 71 D X° x {1} (note that 
X° x {1} is a connected component of X an , and that the analytic topology is stronger 
then the Zariski topology). Then StabE{Xo) = Te- 

d) The group E acts faithfully on X . 

e) For each x G X the orbit E ■ x is (geometrically) Zariski dense. In particular, 
E acts transitively on the set of geometrically connected components of X . 

f) For each S G ^(E) satisfying part d) of \l.l.lCj the map X — > X s is Stale; 

g) For each embedding K w <^-> C and each S G F{E) as in c), B d ~ l is the universal 
covering of each connected component of (X s> c) an in the p-adic case and of X^ n in 
the complex one. 

Proof, a) We start from the following 

Lemma 1.3.9. a) Let II be a torsion-free discrete subgroup of G. Then the natural 
projection X° — > n\X° is an analytic (topological) covering, 
b) For each x G X° the stabilizer of x in G is compact. 

Proof, a) follows from [|Shi| , Prop. 1.6 and 1.7] in the real case and from ||Be2| , Lem. 
4 and 6] in the p-adic one. 

b) By ||Dr2 , §6] there exists a PGLd(-K«,)-equivariant map from flj^ to the 



Bruhat-Tits building A of SL d (K w ), thus it suffice to show the required property for 
stabilizers of points in A and L? d_1 . This was done in the proof of Lemma [1 . 1 . 1 1|. □ 



The lemma implies that for each sufficiently small S G T{E) the analytic space 
X$ n admits a covering by open analytic subsets Ui satisfying the following condition: 
for each i and each subgroup SdTg F(E) the inverse image p^ 1 (C/j) of Ui under 
the natural projection pt ■ X^ n — > Xg n splits as a disjoint union of analytic spaces, 
each of them isomorphic to Ui under p?. 

Now we will define a certain L-analytic space X an associated to X. As a set it is 
the inverse limit of the underlying sets of the X| n 's. To define an analytic structure 
on X an consider subsets V a C X an such that for some (hence for every) sufficiently 
small S G ^{E), the natural projection 71$ '■ X an — > X^ n induces a bijection of V a 
with an open analytic subset 7Ts(V a ) of Xg n , described in the previous paragraph. 
Provide then such a V a with an analytic structure by requiring that its '■ V a — > 7Ts(V a ) 
is an analytic isomorphism. Then the analytic structure of the VaS does not depend 
on the choice of the S's, and there exists a unique L-analytic structure on X an such 
that each V a is an open analytic subset of X an . 

By the construction, X an is the inverse limit of the Xg n 's in the category of 
L-analytic spaces. Hence there exists a unique L-equivariant analytic map 7r : 
X — > X an such that for each S G J~{E) the natural projection X — > Xg n factors as 
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X X an X£ n , where by ns we denote the natural projection. It remains to 
show that tt is an isomorphism. 



For each S G 3~{E) satisfying part d) of Proposition |1.1.10| the natural projection 
X° — > rs\X° is a local isomorphism. Hence the projections X — > X^ and 7r are 
local isomorphisms as well. 

The map its ° tt is surjective, hence for each x G X an there exists a point y G X 
such that 7rs(a;) = 715 o 7r(y). Therefore, ir(y) = sx for some s <E S. Since 7r is 
E'-equivariant, we conclude that ir(s~ 1 (y)) = x. Hence tt is surjective. 

Suppose that 7r(yi) = ^(7/2) for some yi, 2/2 G X. Let (#1,(71) and (^2,^2) be 
their representatives in X° x E. Then for each S G J~(E) there exist s G S 1 and 
7 G T such that x\ = Jq 1 (x2) and g\ = sg2jE- Such 7g's belong to the set {g G 
G\g(xi) = X2}C\T g -i Sgi , which is compact (by the lemma) and discrete, hence finite. 

Therefore we can choose sufficiently small S G F{E) such that gij^ g^ 1 = s E S 
must be equal to 1. This means that y\ = y%. Thus tt is a surjective, one-to-one 
local isomorphism, hence it is an isomorphism. 

b) is clear. 

c) For each S G let I5 be the connected component of X5 such that Yg n is 
the image of X° x {1} C X an under the natural projection tt$ '■ X an — > X^ n . Then 
Xo = limYs'. It follows that g G E satisfies g(Xo) = Xq if and only if g(Yg) = Y$ 

for each S G T{E) if and only if X° x {g} c S{X° x l)r for each S G JF(E) if and 
only if g G 5Te for each S G ^"(-E 1 ) if and only if g G f] STe — Te- 

S G T(E) 

d) If 5 G E acts trivially on X, then it acts trivially on X an = (X° x E disc )/T. 
By b), g = 7^ for some 7 G T, and 7^ acts trivially on X°. Since pr G is injective, 
7 = = 1. 

e) Let K be the Zariski closure of • x. Then K is i?-invariant, and, therefore, 
yan p x j g a c i osec [ T-invariant analytic subspace of X° x {1} = X°. By 
Proposition |1.1.10| a), it is G der -invariant. Since G der acts transitively on X° in the 
real case and by Lemma |1.3.2| in the p-adic one, Y an n (X° x {!}) has to be all of 



X° x {1}. It follows that Y — X. 

f) holds, since the projection tts : X an — > Xg n is a local isomorphism (see the 
proof of a)). 

g) The real case is clear, the p-adic case is deep. It uses Yau's theorem (see [ |Ku| , 
Rem. 2.2.13]). □ 

Remark 1.3.10. The functorial property of projective limits implies that X an sat- 
isfies the functorial properties of analytic spaces associated to schemes (see [[Bel 



Thm. 3.4.1] or IpGAlj Exp. XII, Thm. 1.1]). 
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Lemma 1.3.11. Let T C Gx E and X be as above, let E' be a compact normal sub- 
group of E, and let F'cGx (E'\E) be the image ofT under the natural projection. 
Then we have the following: 

a) the map ip : V — > V is an isomorphism; 

b) V satisfies the conditions of Lemma 

c) the quotient E'\X exists and is isomorphic to the (E'\E, L) -scheme corre- 
sponding to V . 

Proof, a) The composition map r — » T' — * G is injective, therefore <p is an isomor- 
phism, and pre : V — > G is injective. 

b) r" is clearly cocompact. Let U x S C G x (E'\E) be an open neighbourhood 
of the identity with a compact closure. Then <y2 -1 ([7 x S) is an open neighbourhood 
of the identity of G x E with a compact closure. It follows that <£> -1 (i7 x S) H V is 
finite, thus (U x S) D T' is also finite. Hence T' is discrete. 

c) Since E' is compact and normal, we have E'S = SE' G F{E) for each 
S G ^(E). Hence E'\X := limX E / S is the required quotient. Next we notice that 

s 

for each S G ^(E) the subgroup S := S\E'S belongs to J-'(E'\E) and that each 
T G F{E'\E) is of this form. Since Xffo S £'S\[X° x£]/r = S\[X° x (£'\£)]/r, 
we are done. □ 

1.4. Drinfel'd's covers. 



1.4.1. Now we need to recall some Drinfel'd's results |Pr2f| concerning covers of 
. (A detailed treatment is given in ||BC|| for d = 2 and in |[RZ2j| for the general 
case.) 

Let K w be as before, and let D w be a central skew field over K w with invariant 
\jd. Let Od w C D w be the ring of integers. Fix a maximal commutative subfield 
Kffl of D w unramified over K w . Let it G be a uniformizer, and let Fr w be the 
Frobenius automorphism of Kffl over K w . Then is generated by K w and an 
element n with the following defining relations: U d = tt, U - a = Fr w (a) ■ U for each 

aexL d) . 

Denote by 0™ r the ring of integers of the completion of the maximal unramified 
extension K™ r of K w . Drinfel'd had constructed a commutative formal group Y over 
®o w O™ with an action of Od w on it. For a natural number n denote by T n the 

kernel of the homomorphism Y — > Y. Let X n := T n ^o w K w be the generic fiber of 
r n , and let X n _ 1/d C ^ be the kernel of n nd " 1 (= tt™- 1 ^). 

Put Eg := X n - X n _ 1/d , and set T n := 1 + tt"0 Dw G ^(D*). Then s£ is 
an etale Galois covering of E^ := Vt d Kw ® Kw K^ with Galois group (C , D tu / 7rn ) x — 
0^) w /T n . We also denote 0£ by T . The action of 7r induces etale covering maps 
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n n : -> \ giving a il"" r -pro-analytic space := The group 

(9£ acts naturally on ^ d Kw and we have E^™ = T n \E d Kw for each n G N U {0}. 
Moreover, Drinfel'd had also constructed an action of the group GLd(K w ) x D x on 
Tj d K , viewed as a pro- analytic space over K w , which extends the action of and 
satisfies the following properties (notice that our conventions |1.3.1| differ from those 
of Drinfel'd): 

a) the diagonal subgroup {(k, k) G GL d (K w ) x D*\k G K*} acts trivially; 

b) GL d (K w ) (resp. D*) acts on = Vt d Kw ® Kw K™ r by the product of the 
natural action of PGLd(i^ w ) on Q!% (resp. the trivial action on 0!^ ) and the 
Galois action g ^ Fr™ K{Aet{a)) (resp. p i-> Fr ~^ d ^ Qn 

1.4.2. In the case d = 1 Drinfel'd's coverings can be described explicitly. Let L 
be a p-adic field. Then by property a) above, the action of L x x L x on T} L is 
determined uniquely by its restriction to the second factor. Denote by 6 L : L x — > 
Gal(L ab / L) the Artin homomorphism (sending the uniformizer to the arithmetic 
Frobenius automorphism). 

Lemma 1.4.3. One has Y,\ = M(L ab ), and the action of (1,1) G {1} x L x on E\ 

is given by the action of ' 0z,(Z) _1 G Gal(L ab / L) on L ah . 

Proof. This follows from the fact that Drinfel'd's construction for d — 1 is equivalent 
to the construction of Lubin-Tate of the maximal abelian extension of L (see, for 
example, JCFj, Ch. VI, §3]). □ 

1.4.4. Let L be an extension of K w of degree d and of ramification index e. For 
every embeddings L <^-> M&td(K w ), L <^-> D w (such exist by ||CF| , Ch. VI, §1, 
App.]) and K™ r <^-> L nr and for every n G N U {0} there exists a closed L-rational 
embedding i n : T> l £ en <^-> E^ n , which is (L x x L x )-equivariant and commutes with 
the projections 7r n . Moreover, i : f2} / ® i I/ nr <^-> Qj <w ^) Kw K^ r is the product of 
our embedding K™ r ■=— > I/ nT ' and a closed embedding z : fi^ ■=— > , with image 
(tt d K J LX (see |Dr2|, Prop. 3.1]). Taking an inverse limit we obtain an embedding 

Lemma 1.4.5. Let H be a subgroup of "R,L/K w (& m )(K w ) = L x , Zariski dense in 
^L/K w (^m)- Then ImT — {x G E|- \(l,l)x = x for every I G H}. 

Proof. Since for each I G H C L x the action of (I, I) on T} L is trivial, and since Tis 
(L x x L x )-equivariant, ImT is contained in the set of fixed points of (1,1), I G H. 
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Conversely, if x G ^k w is fixed by all (I, I), I G H, then its image x G &>k w under 
the natural projection p : T> d Kw — > £l d Kw belongs to (Vl d Kw ) H = (Vl d Kw ) L * = i(Vt\). 
Since p(ImT) = Imi, there exists y G ImTsuch that p(y) = x{= p(x)). Recall that 
Vt d Kw = D*\L d Km . Therefore y = 5x for some 5 G D*. It follows that (I, 5l5~ l )y = y 
for each I G H, hence also (1, <W5 -1 Z -1 )y = Since the covering — > 0£ \^k w 
is etale, the group acts freely on E*|- . Therefore 5l5~ l l~ 1 = 1 for each I G i/. 
Hence 5 belongs to the centralizer of H in D*, so that to L x . It follows that 
x = 8~ x y G L x ■ ImT= ImT. □ 



Proposition 1.4.6. For each iigNU {0} the group SD* H T\ acts trivially on the 
set 7r of connected components of 'E 1 ^™ ®jr ro C p . 



Proof. Recall (see |1.4.4| ) that each maximal commutative subfield L C gives us 



(after some choices) a closed L-rational L x -equivariant embedding i„ : £^ en — > E^". 
Let y be a connected component of E^^Cg^Cp. Take ^ G 7r , which contains z n (^)- 
Then by Lemma |1.4.3| , X is defined over L , and 



(1.1) l(X) = (6 L (l))-\X) for each I G L x . 

Fix a. Xq E ttq, and let M be the field of definition of Xq. Then M D i^™ r . Since 
the quotient D x \E^- n = is geometrically connected, acts transitively on 
7T . Since the action of D* on n Q is .fC^-rational, M is the field of definition of every 
X G ttq. In particular, M is the closure of a Galois extension of K w , and M C L a6 for 
every extension L of K w of degree d Taking L be unramified we see that the group 
Aut^™*(M) of continuous automorphisms of M over K w is meta-abelian (=extension 
of two abelian groups). Set H := {5 G -D*| there exists a <r(5) G Aut^"*(M) such 
that 5(X ) = a(5)- 1 (X )}. Then H is a group, and a : H ^ Autgf (M) is a 
well-defined homomorphism. 

We claim that if = D*. Take a 5 G -D*, then is a commutative subfield of 

D w . Let L be a maximal commutative subfield of D w containing 8. Then by ( |1.1[ ), 
<5(Af) = (^(5))- 1 (A') for some X G vr . Take 5' G L>* such that A" = 5'{X ). Then 

= (ST 1 ° ° *'(*b) = (6l(S))-\X ), so that G 

Thus each element of D* is conjugate to some element of H. In particular, Z(D X ) C 
if. Since T n acts trivially on S^™, it is also contained in H. Hence H D T n • Z(D X ) 
has a finite index in * . Therefore our claim follows from the following 

Lemma 1.4.7. Let G be a group, and let H be a subgroup of G of finite index. 
Suppose that G = |J gHg^ 1 . Then G = H. 

geG/H 
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Proof. Set K := f] gHg . Then K is a normal subgroup of G of finite index, 

g€G 

and G/K = \J giH/^g' 1 = \J {g{H/K)g- 1 - {1}) U {1}. Hence \G/K\ < 

geG/H geG/H 

\G/H\(\H/K\ - 1) + 1 = \G/K\ - \G/H\ + 1, therefore G — H. □ 



X 



Now the proposition follows from the fact that SD* is the derived group of D w 



sec 



PHj 1.4.3]) and that T x n SP* is the derived group of SP* (see Q 1.4.4, 



Thm. 1.9]). □ 
1.5. Second construction. 

Construction 1.5.1. Suppose that a subgroup V C GLd^) x P satisfies the 
following conditions: 

a) Z(T) = Z(G L d (K w ) x P) n T; 

b) the subgroup Z(T) C Z (GL d (K w ) x E) is cocompact; 

c) Pr C PGL^-fQu) x PP satisfies the assumptions of Lemma |1.1.9| (this imply, 
in particular, that the closure of V is cocompact in GL d (K w ) x P); 

d) the intersection of Z(T) with Z(Gh d (K w )) x {1} is trivial. 
We are going to associate to T a certain (P* x E, K w )-scheme. 

Consider the quotient X := (E^- x E)/Y. The group P* x E acts on X by the 
product of the natural action of P* on E^- and the left multiplication by P. 

Proposition 1.5.2. For each S G F(D* x P) the quotient S\X = S\(E d Kw x E)/Y 
has a natural structure of a K w - analytic space, which has a unique structure Xs of 
a projective scheme over K w . 

Proof. First take S = T n x S' for some n G N U {0} and some sufficiently small 
5" G J-{F) (to be specified later). Then S\X = 5"\(E^- n x E)/T is a disjoint union 
of \S\E/Te\ < oo (as in Lemma 1.1.9Q quotients of the form r a 5/ a -i\S^™ with 
a G P. Thus it remains to prove the statement for quotients r a 5/ a -i\E^- n . For 
simplicity of notation we assume that a — 1. Set 

r 5 ', := rv n P r G (z(r)) = P r G (r n [z(GL d (K w )) x (z(p) n 5')]). 

First we construct the quotient Fg/^T]^ 1 . Assumptions a) and b) of |1.5.1| imply that 
the closure of Ts\o is cocompact in Z(GL d (K w )) = K*, hence val^(det(r5/ j0 )) = 
dVL for some ken. Let K ( w dk) be the unique unramified extension of K w of degree 

dk, then r s , >0 \n d Kw ® Kw K™ S ^ ®^ Pi dfc) . 

Consider the natural etale projection 7c n : E^™ — * E^ — > Let {7W(Aj)}j e / 

be an affinoid covering of Qk w - Since the projection E^" — > E^° is finite, each 
7r^ 1 (A^(Aj)) C E^™ is finite over the affinoid space M.{Ai® k w K'w ) ■ Hence it is 
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isomorphic to an affirioid space Ai(Bi) for a certain i^™ r -affinoid algebra Bi, finite 
over Ai<§) Kw K™ r . Since n n is D* -invariant, we have a natural action of IV j0 on 

Bi. Set Cj := B i s '° . Since an affmoid algebra is noetherian, we see that Cj is 
finite over the i^-aflinoid algebra A{. Hence Ci has a canonical structure of a 
affinoid algebra (see ||Bel| , Prop. 2.1.12]). Gluing together the A^(Cj)'s we obtain a 
-K^-analytic space r5/ \S^. ?1 , finite and etale over Vt d K . 

Put S := S ■ Z(E)/Z(E)C PE. Then S G .F(P£). To construct IV\Ej£ we 
observe that the action of PTg = Ts\o\^s' on ^S'fiX^K 1 covers its action on fl^ . 



Suppose that S' is so small that S satisfies part d) of Proposition 1.1.10 . Recall 
that by Lemma |1.3.9| each x G f% nas an open analytic neighbourhood U x such 
that j(U x ) fl U x 7^ for all 7 G Pr,§ \ {1}, and, as a consequence, PT^Q^ is 
obtained by gluing the U^s. Let 7f„ be the natural projection from rs/ )0 \£#™ to 
£l d K w - For each y G Ts',o\^kZ se ^ := 1 (^ n (x))- Then the quotient fT^-analytic 
space PT § \(T s , j0 \E d ^ n w ) = r 5 '\ s £ is obtained by gluing the V y 's. 

Since T5/\E^™ is a finite (and etale) covering of PT^Q^, which has a structure 
of a projective scheme over K w by ||Mus| , |Ku|| , r 5 /\S^™ also has such a structure by 



Corollary |1.2.3| and the remark following it. 



Finally consider an arbitrary 5* G ^(D* x E). It has a normal subgroup S of 
the form S = T n x S' with sufficiently small S' G ^{E), therefore to complete the 
proof we can use the same considerations as in the end of the proof of Proposition 
FX7j □ 



The same argument as in Construction |1.3.6| gives us a (P* x E, i^)-scheme 
X = limX s . 



Proposition 1.5.3. a) The kernel Eq of the action of P* xE on X is the closure of 
the subgroup Z(T) C Z (GL,i(K w ) x E) = Z(D* x E) after the natural identification 
Z{Gl A {K s ))=KZ=Z{D*). 

b) Let E be the closure of Z(T) in E, and let V C PGL d (K w ) x (E \E) be 
the image of T under the natural projection. Then V satisfies the assumptions of 
Lemma \l.l.ty . 

c) The quotient D*\X exists and is isomorphic to the E \E -scheme corresponding 
to V by Construction \1 . 3. b\ . 

d) The quotient (P* x Z(E))\X exists and is isomorphic to the (PE, K w )-scheme 
X' corresponding to PT by Construction \1.3. b\ . 

e) For each x G X the orbit (P* x E)x is Zariski dense in X . 
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f) For each sufficiently small S G F(E) and each n G N U {0} the map X — > 
Xy nX s is Stale, and P d_1 is the universal covering of each connected component 
of (XT n xs,c) an f or each embedding K w "—>■ C. In particular, the projective system 
X an := {X!^ n } Te:F ^ D x xE ^, associated to X, is a K w -pro- analytic space. 



Proof, a) Notice that g G Po if and only if g acts trivially on X$ (or, equivalently, on 
X% n = S\(Ej( w x E)/T) and normalizes S for each S G F{D* x E). For each 7 G 
Z(T) C Z(D* x P) let 7^ be the projection of 7 to the first factor. Since (jq x 7^) 
acts trivially on S^, we have j([x, e]) = [7^ (x) , 7 E e] ~ [(70 x j w ){x), e] = [x, e] for 
each x G E d Kw and e G E, that is 7 acts trivially on each Xg n . Since 7 is central, it 
certainly normalizes S. This shows that the closure of Z(Y) is contained in P . 

Conversely, suppose that some (#1,(72) G P* x P with gx G P* and g 2 G E 
belongs to Eq. Choose S' G J-(E) and n G N U {0}. It suffice to show that 
{91,92) G (T n x S")Z(r). Since {gx,gi) acts trivially on 5"\(E^ n x P)/T, we have 
[<7i (x) , #2] ~ [2?) 1] for each x G S^ 71 . This means that there exists an element 
7 = 7a; G T such that g\(x) = ^^(x) and g 2 G S'^e- Let x' be the projection of x 
to , and let x" be its projection to Q d Kw - The group P* acts trivially on Q d Kw , 
therefore 7g 1 (x") — x " ■ Choose x so that no non-trivial element of ~PGh d (K w ) fixes 
x", then lG eZ(GL d (K w )) ^K*. 

Assumption c) of |1.5.1| implies that 7 G Z(T). Since <7i(x) = 7 G 1 (x) = 7 w (x), 

we conclude that g^ lr y w (x) = x. Hence x' = (g^ lr y w )(x') = Fr to val ^ det ^ ffl 7m ^(x'), 
so that 9i l ^ w G 0^ . Since E^" is an etale Galois covering of with Galois 
group 0^ w /T n , the equality (g\ "f w ){ x ) = x implies that gi j w G T n . It follows that 
(91,92) G (T n x S'Xt^Ts) c ( T n x 5')^(r), as claimed. 

b) The natural projection PGL d (K w ) x (E \E) — > PGL d (J^ UI ) x PP induces 
an isomorphism T' ^> PI\ Hence T' is discrete and has injective projection to 
PGL d (K w ). It is cocompact, because so is T C PGL d (/\" U) ) x P. 

c) Notice first that for each open subgroup P C S C P* x P , compact modulo 
Po, the quotient S*\X exists and is projective. Assumption b) of |1.5.1| implies that 
Po is cocompact in P* x Z(E). Therefore for each S G J-"(D* x P) the quotient 
P*S\X = (P*P S)\X = (P* x E )S\X exists. Set S := (P* x P )\(P^x E )S G 
^(P \P). Then {D*S\X)" = (P* x P )5\[E^ x E]/T = S\[Q d Kw x (P \P)]/r, 
and the statement follows as in the proof of Lemma |1.3.11| c). 

d) follows from c) and Lemma |1.3.11| c). 

e) follows from c) and Proposition |1.3.8| e). 

f) Take T G JF(PP) satisfying part d) of Proposition ETTTD . Then there exists 
S G -P(P) such that Z(E)\S ■ ZiE) = T. Since we have shown in the proof of 



P-ADIC UNIFORMIZATION 



23 



Proposition |1.5.2| that Xr n xS is etale over T\X' for each n G NU {0}, the statement 
follows immediately from Proposition |1.3.8| f), g). □ 



Corollary 1.5.4. For each a G E the composition map 

p a : El ^ E d Kw x {a} (El x E d ^)l^ - X an 
of pro- analytic spaces over K w is etale and one-to-one. 

Proof. The etaleness is clear. Let X\ and 22 be points of E# such that p a (xi) = 
p a (x 2 ), and let a G PE' be projection of a. Since the composition map 

< w - < w x {a} (Q d Kw x {PE') disc )/PT - (*T 

is injective, we conclude that x\ and x^ have the same projection y G . 

Choose S G ^"(-E 1 ) so small that the group Pr aSa -i is torsion-free (use Proposition 



1.1.10| d)). Then no non-central element of r a s a -i fixes y. For each n G N let Tr n g 



be the projection X an — > (XT n xs) an - Then the image of ir n: s ° p a is isomorphic to 



T aSa ~i\E d ^. Hence there exists 7„ G TaSa- 1 such that the projections of 7„(xi) and 



22 to E^™ coincide. Therefore j n (y) = y, so that j n G Z(GL&{K W )) = K*. It 
follows that the sequence {7„} n converges to some 7 G fT*, which satisfies 7(21) = 
22. Then (7,1) G Z(D* x i?) fixes z := p a (^i) = Pa(^2)- Since (7,1) is central, 
it then fixes the whole (D* x i?)-orbit of z. Hence by Proposition |1.5.3| c), it 
acts trivially on X. Therefore by Proposition |1.5.3| a), the element (7, 1) belongs 



to Z(T) C Z(G~Ld(K w ) x E). Assumption d) of |1.5.1| implies that 7 = 1, hence 



2i = 2 2 . □ 

1.6. Relation between the p-adic and the real constructions. The following 
proposition (and its proof) is a modification of Ihara's theorem (see ||Ch2| , Prop. 
1.3]). It will allow us to establish the connection between the p-adic ( |1.3.6| , |1.5.1| ) 
and the real (or complex) (|1.3.6| ) constructions. 



Proposition 1.6.1. Let X be an (E,C)-scheme. Suppose that 

a) E acts faithfully on X ; 

b) E acts transitively on the set of connected components of X ; 

c) there exists S G F{E) such that the projection X —>■ X$ is Stale, and B d ~ l is 
the universal covering of each connected component of Xg n . 



Then X can be obtained from the real case of Construction \1.3.6 . 



Remark 1.6.2. a) It follows from Proposition |1.3.8| that all the above conditions 
are necessary. 
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b) Let X be an (E, C)-scheme, and let Eq be the kernel of the action of E on X. 
Then X is an (E \E, C)-scheme with a faithful action of E Q \E. Conversely, every 
(E \E, C)-scheme can be viewed as an (E, C)-scheme with a trivial action of E . 

c) Let X be an (E, C)-scheme, and let X Q be a connected component of X. Put 
X' := U 9{Xo)- Then X' is an (E, C)-scheme with a transitive action of E on the 

set of its connected components, and X is a disjoint union of such (E, C)-schemes. 

Remarks b) and c) show that assumptions a) and b) of the proposition are not so 
restrictive. 

Proof. We start the proof with the following 

Lemma 1.6.3. Suppose that {X a } a( zj is a projective system of complex manifolds 
such that the transition maps Xp — > X a , where a,/3 G I with (3 > a, are analytic 
coverings. Then there exists a projective limit X of the X a 's in the category of 
complex manifolds. 

Proof. Choose an a G /. Cover X a by open balls {U a p}p e j, and let 7r : X' — > X a be 
an analytic covering. Then the inverse image 7r _1 (L r ai g) of each U a! 3 is a disjoint union 
of analytic spaces, each of them isomorphic to U a p under ir. Hence the construction 
of the projective limit from the proof of Proposition |1.3.8| , a) can be applied. □ 



Now we return to the proof of the proposition. By assumption c), X§ n is a complex 
manifold for each sufficiently small S G ^F{E), and the natural covering Xg n — > Xf.™ 
is etale (analytic) for each T C S in T(E). Therefore by the lemma there exists an 
analytic space X an : = limX s n . 

Since X$ is a complex projective scheme for each S G F(E), the set of its con- 
nected components coincides with the set of connected components of X$ n . Hence 
assumption b) implies that the group E acts transitively on the set of connected 
components of X an . 

Let M be a connected component of X an . Denote by Te the stabilizer of M in 
E. Then Te acts naturally on M, and the transitivity statement above implies that 

X an ^ ( M x E discy FE _ 

For each S G ^F{E) the analytic space Xg n = S\(M x E)/Te is compact. There- 
fore, as in the proof of Lemma |1.1.9| , \S\E/Ye\ < oo and [r^ : Te H S] = oo. Note 
that M s := (T E fl S)\M is a connected component of Xg n . Suppose that S satisfies 
condition c), then the map M — > Ms is etale, and is the universal covering of 
Ms- Hence it is also the universal covering of M. It follows that Te C Aut(M) can 
be lifted to T R C Aut(5 d - 1 ) = PGU d _ li:l (M) . 

The kernel A of the natural homomorphism tt : Tr — > Te is the fundamental 
group of M. Let Ts C PGUd-i,i(IR) be the fundamental group of the compact 
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analytic space Ms, then T$ is a cocompact lattice in PGUd-i,i(K) , satisfying 
T s = 7r _1 (r E fl S). It follows that [r R : Y s ] = [Y E : T E fl S] = oo. Therefore, as 
in the proof of Proposition |1.1.10| a), we see that T K is dense in PGUd-i,i(IR) - 



The group A is discrete in PGUd-i,i(ffi)° and normal in r K , thus it is trivial 
(compare the proof of Proposition |1.1.10| b)). In particular, M = B d ~ l and n is an 
isomorphism. 

Put T := {(7,vr(7))|7 G Y R } C PGU d -i,i(K) x E. Since Y s is discrete in 
PGU d -i,i(K) , so is T in PGU d _i,i(M) x E. Let K C PGU d -i,i(K)° be the 
stabilizer of G B d -\ Then X% n = 5\( J B fl! - 1 x E)/Y = {K x 5)\(PGU d -i,i(M)° x 
E)/Y. Since K, S and Xg n are compact, Y is cocompact in PGUd-i,i(IR) x E. 
Since Ker(prG) equals the kernel of the action of E on X, the projection pr^ is 



injective. This shows that Y satisfies all the assumptions of Construction 1.3.6 . □ 



Corollary 1.6.4. Choose an embedding K w C. Let X be an (E, K w ) -scheme 
obtained by the p-adic case of Construction \1 . 3~b] or an (E, K w )-scheme obtained by 
Construction \1 . 5. 1 . Then Xq can be constructed by the real case of Construction 



Proof. This is an immediate consequence of Propositions |1.6.1| , |1.3.8| and |1.5.3| . □ 



1.7. Elliptic elements. 

Definition 1.7.1. Suppose that a group G acts on a (pro-) analytic space (or a 
scheme) X. An element g G G is called elliptic if it has a fixed point x such that 
the linear transformation of the tangent space of x, induced by g, has no non-zero 
fixed vectors. In such a situation we call x an elliptic point of g. 



Lemma 1.7.2. Let \i, \ 2 , Ad be the eigenvalues of some element g G GLd(L) 
(with multiplicities). Let v G P a!_1 (L) be one of the fixed points of g corresponding 
to Ai. Then j 2 -, j^, ^ are the eigenvalues of the linear transformation of the 
tangent space of v, induced by g. 

Proof. Simple verification. □ 



Proposition 1.7.3. The set of elliptic elements of PGUd-i,i(IR) with respect to 
its action on and ofPSlid(K w ) with respect to its action on fix w is open and 
non-empty. 

Proof. In the real case we observe that an element g := diag(Xi, X 2 , A^) G PGUd-i,i 
fixes (0,0, ...,0) G B d ~ l . Therefore by Lemma |1.7.2| , g is elliptic if Aj 7^ A^ for all 
i 7^ d. It follows that the set of elliptic elements is non-empty. It is open, because 
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if g has a fixed point in B d ~ x corresponding to an eigenvalue of g appearing with 
multiplicity 1, then the same is true in some open neighbourhood of g. 
In the p-adic case we start with the following 

Lemma 1.7.4. An element g G GLd(i^ui) is elliptic (acting on £1% ) if and only if 
its characteristic polynomial is irreducible over K w . 

Proof. Suppose that the characteristic polynomial Xg °f 9 is irreducible over K w . 
Then g has d distinct eigenvalues. Let A be some eigenvalue of g, let v ^ be the 
eigenvector of g corresponding to A, and let v G P d ~ 1 (.K'. u ,) be the fixed point of g 
corresponding to v. By Lemma |1.7.2| , the linear transformation of the tangent space 
of v, induced by g, has no fixed non-zero vector. So it remains to be shown that 
v G Qjg . If v ^ > then it lies in a if^-rational hyperplane. Therefore there exist 
elements a%, G K w , not all (say ^ 0) such that (a\, aa) • v — 0. We also 
know that (g — XI)v = 0. Let A be the matrix obtained from g — XI by replacing 
the last row by (ai, ad). Then Av = 0, so that det A = 0. The determinant of A 
is a polynomial in A of degree (d — 1) with coefficients in K w with leading coefficient 
(_l)(a-i) ad q This contradicts the fact that the minimal polynomial of A over 
K w has degree d. 

Suppose now that the characteristic polynomial Xg of g equals the product /i -...•/* 
of polynomials irreducible over K w (k > 1). Consider the matrix fi(g). If = 0, 
then the minimal polynomial m g of g divides f±. Hence each root of Xgi being a 
root of m g , is a root of fx. Each /j has only simple roots, therefore for each i. 
Since /i is irreducible, all the /j's are equal up to a constant. Hence Xg = c ' fi f° r 
some c G i££ . In particular, each root of Xg is & t least double. Lemma |1.7.2| then 
implies that g is not elliptic. 

Hence we can suppose that f%{g) ^ for all i — 1, 2, k. Let A be an eigenvalue 
of g, let v be the eigenvector corresponding to A, and let v G P d_1 (i^ w ) be the fixed 
point of g corresponding to v. Choose i G {1, k} such that A is a root of /j. Then 
fi{9) v = fiW v = 0- The matrix fi(g) ^ has all its entries in K w , hence v lies in 
a i^-rational hyperplane. Therefore g is not elliptic. □ 

Now we return to the proof of the proposition. Embed an extension L = K W (X) of 
K w of degree d into Mat d(K w ) . Then A G L x C GLd(ii^) has an irreducible char- 
acteristic polynomial over 7^^,. Therefore the set of elliptic elements of PGL^(K W ) 
is non-empty. It is open because by Krasner's lemma if g G GLd(-fQj) has a char- 
acteristic polynomial irreducible over K w , then each g' G GL d (i^ w ), close enough 
to g, has the same property (see fCa] , Ch. II, §3, Prop. 4]). It follows that the set 
of elliptic elements of PSLd(K w ) is also open. For showing that it is non-empty 
observe that if an element g G PGLd(i^u,) is elliptic but g d is not elliptic, then by 
Lemma |1.7.2| the characteristic polynomial of each representative of g d in GL&(K W ) 
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has at least two equal roots. Hence such a g belongs to some proper Zariski closed 
subset of PGL d . It follows that there exists an elliptic element g G PGL^(K W ) such 
that g d is elliptic as well. Since g d always belongs to PSL d (i^ tu ), we are done. □ 



Proposition 1.7.5. a) An element {g,S) G GL c j(-ft' U) ) x D* is elliptic with respect 
to its action on E^- (viewed as a pro- analytic space over K w ) if and only if the 
characteristic polynomials of g and 5 are K w -irreducible and coincide. 

b) For every element g G Gh^(K w ), elliptic with respect to its action on Qj^ , 
there exists a 5 G D* such that (g,S) is elliptic with respect to its action on E^ . 

Proof, a) Let x G be an elliptic point of (g,S), and let x G Qf Cw be its image 
under the natural projection p : E^ — > £l d Kw - Since p is etale, it induces an 
isomorphism of tangent spaces (up to an extension of scalars). Hence g is elliptic with 
respect to its action on Sl d Kw ■ By Lemma |1.7.4j , g generates maximal commutative 
subfield L := K w (g) of M&t d (K w ). 

Choose an embedding j : K w (g) <^-> D w (such exists by [|CF| , Ch. VI, §1, App.]). 



It defines an L x -equivariant embedding i : T} L <^-> E#- (see |1.4.1|) . We know that 
x G (&>k ) L = po?(E^). In particular, there exists y G T(E^) such that p(y) = x. 
Since? is L x -equivariant, the element (g,j(g)) G GL d (i^ m ) x D* fixes y. Using the 
fact that x G p~ l (x) and that D^E 1 ^ = flj^ , we have y = d x for some d G -D x . 

Hence elements (g,dQ 1 j(g)d ) G GL d (fQ„) x .D x and d := g?q 1 j(g)d 5 _1 G -D x fix 
x. In particular, d G -D x fixes some point (the projection of x) on E^° (S^Cp, 
therefore d G 0n . Since the Galois covering Ei- — > O n \E€ is etale, acts 

freely on E^ . It follows that c? = 1, hence 5 = d$ j(g)d$. This completes the proof 
of the implication "only if", because g G M&td(K w ) and j(g) G D TO have the same 
characteristic polynomials. 

Conversely, suppose that the characteristic polynomials of g and 8 are X^-irreducible 
and coincide. Then the subfields K w (g) C M&t d(K w ) and K W (S) C D w have degree 
d over K w and are isomorphic under the i^-isomorphism sending g to 8. Using 
this isomorphism we obtain embeddings of the field L := K w (g) into M&td(K w ) and 
into D w . These embeddings define (by |1.4.4[ ) an (L x x L x )-equivariant embedding 
7: E^ ■=— > E^- such that every point x G 7(E^) is fixed by all elements of the form 
(1,1) G L x x L x C GL d (i^ w ) x D x . In particular, x is a fixed point of (g,5). As 
before, the action of (g, 5) on the tangent space of x coincides with the action of g 
on the tangent space of x. Since x is an elliptic point of g (by Lemma |1.7.4j ), x is 
an elliptic point of (g, S). 

b) If an element g G GLa(K w ) is elliptic, then by Lemma p. . 7. 4| it has an irreducible 
characteristic polynomial over K w . Therefore K w (g) C Matd(K w ) is a field extension 
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of K w of degree d. Then for every embedding j ofK w (g) into D w the element (g,j(g)) 
is elliptic by a). □ 

1.8. Euler-Poincare measures and inner twists. Here we give a brief exposition 



of Kottwitz' result |[Ko| , §1] 



1.8.1. Let L be a local field of characteristic 0, and let H be a connected reductive 
group over L. Serre [ Se2|| proved that there exists a unique invariant measure (called 



the Euler-Poincare measure) pu on H(L) such that /in(r\H(L)) is equal to the 
Euler-Poincare characteristic Xe{F) of H*(T, Q) for every torsion-free cocompact 
lattice T in H(L). In particular, /xh(H(L)) = 1 if the group H(L) is compact. 
The Euler-Poincare measure is either always negative, always positive or identically 
zero. It is non-zero if and only if H has an anisotropic maximal L-torus. (A result 
of Kneser shows that in the p-adic case this happens if and only if the connected 
center of H is anisotropic.) 

1.8.2. Let G be an inner form of H. Choose an inner twisting p : H — > G over 
L. Choose a non-zero invariant differential form wg of top degree on G. Set c^h := 
P*(u>g). Using the fact that H is reductive, that the twisting is inner and that ug 
is invariant, we see that wh is invariant, defined over L and does not depend on 
p. Hence uuq and o;h define invariant measures |cg>g| and \(^h\ on G(L) and H(L) 



respectively (see |[We2| , 2.2]). 



Definition 1.8.3. The invariant measures p on H(L) and p! on G(L) are called 
compatible if there exists some c G K. such that p = c\cJn\ and p! = c|o;g|- 

1.8.4. Now suppose that H has an anisotropic maximal L-torus T, so that the 
Euler-Poincare measure pn on H(L) is non-trivial. (Notice that for semisimple 
groups of type A n this assumption is satisfied automatically). Denote by \pn\ the 
absolute value of /i H - Write £>(T,H) for the finite set KerTP^T) -> H^L, H)], 
and write |P(T, H)| for its cardinality. It is well known that T transfers to G, thus 
we can also consider the finite set T>(T, G). 



Proposition 1.8.5. ([Ko, Thm. 1]) The invariant measure |P(T,H)| l \pn\ 



on 



H(L) is compatible with the invariant measure \V(T, G)| 1 \pg\ on G(L). 



Remark 1.8.6. a) In the p-adic case, the sets P(T,H) and T>(T, G) always have 
the same cardinality. 

b) In the real case, Z>(T,H) = fi(H(C), T(C))/fi(H(R), T(R)), where Q stands 
for the Weyl group. In particular, \V(diag, PGUd)| = 1 and \V(diag, PGUd_i,i)| 
is d (resp. 1) if d > 2 (resp. d = 2). 
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1.9. Preliminaries on torsors (=principal bundles). 

Definition 1.9.1. Let G be an affine group scheme over a field L (resp. an L- 
analytic group), and let X be an L-scheme (resp. an L-analytic space). A G-torsor 
over X is a scheme (resp. an analytic space) T over X with an action GxT^T 
of G on T over X such that for some surjective etale covering X' — > X the fiber 
product T Xx X f is the trivial G-torsor over X' (that is isomorphic to G x X'). 



Remark 1.9.2. Since each etale morphism of complex analytic spaces is a local 
isomorphism, our definition is this case coincides with the classical one. 



Lemma 1.9.3. a) If T is a G-torsor over X, then the map (fiT '■ G x T — > T 
T {ipT^g.t) = (gt,t)) is an isomorphism. 

b) Let T and T' be two G-torsors over X and Y respectively. Then for each G- 
equivariant map f : T — > T' the natural morphism T — > T' x Y X is an isomorphism. 

Proof, a) Since the problem is local for the etale topology on X (see |[Mi2| , Ch. 
I, Rem. 2.24] in the algebraic case, [ |Be3| , Prop. 4.1.3] in the p-adic analytic and 



Remark |1.9.2| in the complex one), we may suppose that T is trivial. Then our 
morphism (g, (h,x)) i— > ((gh,x), (h,x)) is invertible. 

b) For the trivial torsors the statement is clear. The general case follows as in 
a). □ 

Remark 1.9.4. By Pi2| , Ch. I, Rem. 2.24 and Prop. 3.26] our definition in the 
algebraic case is equivalent to the standard one. In particular, a G-torsor over X is 
affine and faithfully flat over X. 



Lemma 1.9.5. Let X be a separated scheme over a field L, let G and H be two 

affine group schemes over L, let T be a G-torsor over X , and let tt : T — > X be the 
natural projection. 

a) The functor JF -n*T defines an equivalence between the category of quasi- 
coherent sheaves on X and the category of G-equivariant quasi-coherent sheaves on 
T , that is, quasi- coherent sheaves on T with a G-action that lifts the action of G 
on T . 

b) The functor Z i— > Z x x T defines an equivalence between the following cate- 
gories: 

i) the category of vector bundles of finite rank on X and the category of G- 
equivariant vector bundles of finite rank on T; 

ii) the category of H-torsors over X and the category of G-equivariant H- 
torsors over T; 
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Hi) (if X is noetherian and regular) the category of 'P™ -bundles on X and the 
category of G-equivariant F n -bundles on T. 
The quasi-inverse functor is Z i— » G\Z . 

Proof. This is a consequence of a descent theory. 

a) Abusing notation we will write T Xy 2 Y% instead of p*T for every morphism 
p : Yi — > Y2 and every sheaf of modules T on Y%. Let T be a G-equivariant quasi- 
coherent sheaf on T. Define an isomorphism : (jFx T T) XxT-^Tx x (f x T T) 
over Tx x rby the formula </>(/, <?i, t) = (gt, g~ x f, t) for all g G G, t G T and / G T t 
(use Lemma |1.9.3| ). Then satisfies the descent conditions of |[Mi2| , Prop. 2.22]. 



Since T — > X is affine and faithfully flat, there is a unique quasi- coherent sheaf T 
on X such that T = T x x T. Since the construction of descent is functorial (see 
IT2L 2.19]), we obtain an equivalence of categories. Notice that T = G\(J- x x T). 



b) follows from a) in a standard way (use |[Ha| , II, Ex. 5.18, 5.17 and 7.10]). □ 



From now on we suppose that the reader is familiar with basic definitions of tensor 



categories (see ||DM|| )■ 



Notation 1.9.6. For a field L, an affine group scheme (resp. an analytic group) G 
over L and a scheme (resp. an analytic space) X over L: 

a) let Rep^(G) be the category of finite-dimensional representations of G over L 

1 

b) let Vec Y be the category of vector bundles of finite rank on X; 

c) let Tor x (G) be the category of G-torsors over X. 

We will sometimes identify categories with the sets of their objects. 

Definition 1.9.7. Let L be a field, and let G be an affine group scheme over L. A 
G-fibre functor with values in a separated scheme (resp. analytic space) X over L 
is an exact faithful tensor functor from Rep i (G) to Vec 



Remark 1.9.8. If X = Speci? is affine, then Vec Y is equivalent to the category of 
finitely generated projective modules over R, hence our definition is a global version 



of that of [DM], 3.1] 



1.9.9. Let T be a G-torsor over X, then by Lemma 1.9.5 , the correspondence 
V t— > G\(V x T) defines a G-fibre functor with values in X. This correspondence 
defines a functor v from Tor x (G) to the category of G-fibre functors with values in 
X. 

Theorem 1.9.10. The functor v determines an equivalence between Tor X (G) and 
the category of G-fibre functors with values in X. 
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Proof. The local version is [DM, Thm. 2.11 and 3.2]. The gluing works because X 



is separated. □ 

1.9.11. Later on we will use the following description of the quasi- inverse functor r 
of v. Let n be a G-fibre functor with values in X. For each morphism ttq : Tq — > X 
we define two tensor functors ni : V i— > V x To and j)2 = f J o i; from Rep L (G) to 
Vec To . Let ^{T ,n ) := Isom(?72, rji) be the set of isomorphisms of tensor functors. 
The action of G on the first factor of V x To defines an action of G on rji, and a 
fortiori defines an action of G on /i(T , ttq). Thus \i is a functor from the category of 



schemes over X to the category of sets with a G-action. Theorem 1.9.10 says that 



this functor is representable by a G-torsor r{rj) over X (see [DM , Thm. 2.11 and 
3.2] and their proofs). 

1.9.12. Let T be a G-torsor over X. For each V G Rep L (G) the identity map of T, 

viewed as a T- valued point of T, corresponds to a certain isomorphism (fy : KxT ^+ 
(G\(y x T)) x x T. Then ipy is the quotient of the G-equivariant isomorphism 
Idy XipT'-VxGxT^VxTxxT (for the diagonal action of G on the first two 
factors on both sides) by the action of G. Explicitely, (py(v,t) = ([v,t),t). 



Proposition 1.9.13. Let L be equal to K w or to C as in \1.3.J\ . Let X be a projective 
L-scheme, and let G be a linear algebraic group over L. The functor T i— > T an 
induces an equivalence between the category of G-torsors over X and the category 
of G an -torsors over X 



Proof. A quasi-inverse functor can be described as follows. Let tt : T — > X an be 
a G an -torsor. Then the map V i— > G an \(y an x T) defines a G-fibre functor with 
values in X an . Since the correspondence described in Corollary |1. 2. 3| commutes with 
tensor products, the tensor categories Vec Y and Vec xan are equivalent. Therefore 
Theorem |1.9.10| gives us an algebraic G-torsor tt : T — > X. 

It remains to show that there exists a canonical isomorphism T T an . By 
the definition of T we have for each V G Rep (G) a canonical isomorphism ipy : 

Li 

G an \(V an xT) A G an \(V an x T an y We also have (as in |1.9.12|) natural iso- 
morphisms T x V* n ^ T x x (G an \(T x V an )) mapping (t,v) to (t, [t,v]). Hence 
each point to of T defines canonical isomorphisms V an = {to} x V an — > {to} Xx 
(G an \(f x V an )) : v i — > (t , [t ,v]). Since t defines a point of X an and therefore 
of X, it gives us by the universal property of T (see |1.9.11| ) a point ^(to) G T an , 
satisfying ^y([t ,f]) = [^(to), w] for all G Rep L (G). 

Taking V be a faithful representation of G, we obtain that the map (of sets) 
ip : T — » T an is G an -equivariant, therefore it is one-to-one and surjective. It remains 
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to show that the maps if> and if)~ x are analytic. Let us prove it, for example, for if). 
Let p : X' — > X an be an etale surjective covering such that p*{T an ) = G an x X' . 
By Pe3| , Prop. 4.1.3] in the p-adic case and by Remark |1.9.2| in the complex one, it 



will suffice to show that p*ip : p*(T) — > p*(T an ) = G an x X' (or just its projection 
to the first factor tt' : p*(T) — > G an ) is analytic. Consider the map 

t/v : V an x p*(T) Q an \[K an x p*(f )] 

G an \[V an x p*(T an )] ^ G an \<y an x G an x X') ^ 1/ an xl'^i V™ n . 

It is analytic, and satisfies if)y(v,t) = (n'(t))~ 1 v. Hence tt' is analytic as well. □ 

Corollary 1.9.14. Let X and Y be projective L-schemes, let G and H be algebraic 
groups over L, and let if) : G — > H be an algebraic group homomorphism over 
L. If T G Tor x (G) and S G Tbr y (H), i/ien /or every if)-equivariant analytic map 
J :T an -> 5 an f^a* zs, satisfying f(gt) = ip(g)f(t) for all g G G an and t G T an ;, 
t/iere zs a unique algebraic morphism f : T — > 5 swc/i i/iat / an = /. 

Proof, (compare the proof of Corollary |1. 2. 5| ) Since / is ^-equivariant, it covers some 
algebraic morphism / : X — > Y (use Corollary |1.2.2| ). Therefore / factors through 
S an x Y an X an = (S x x Y) an . Hence we may suppose, replacing S by S x x Y, that 
X = Y and that / is the identity. 

Consider the H-torsor H x T over T equipped with the following G-action: 
g(h,t) = {hif){g)~ l , gt) for all g G G, h G H and t G T. By Lemma |1.9.5| , there 



exists an H-torsor H Xg T := G\(H x T) over X. Let z be the composition of 
the embedding t i— > (l,t) of T into H x T with the natural projection to H Xq T. 
Then by the definition, every ^-equivariant algebraic morphism p : T — > S factors 
as a composition of % with the unique H-equivariant map HxgT->T (defined by 
[h,t] ^ hp(t)). Therefore (H x G T) an = H an x G an T an is an H an -torsor over X an 
having the same functorial property. 

Now we are ready to prove our corollary. From the ^-equivariance of / we conclude 

that it factors uniquely as / : T an — > (H x G T) an — > S an . By the proposition, / 
has a unique underlying algebraic morphism f:Hx G T^5. Set / := /' oi. The 
uniqueness can be derived from the above considerations as in the proof of Corollary 

ra. □ 



Now we recall the notion and basic properties of connections on torsors (following 

m ch - vi, §i]). 

Definition 1.9.15. Let X be a smooth scheme or an analytic space, and let tt : 
P — > X be a G-torsor. A connection on P is a G-equivariant vector subbundle 7i 
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of the tangent bundle T(P) of P such that 7r*| Wp is an isomorphism TC P — > T n ^(X) 
for each p G P. 

1.9.16. Starting from the isomorphism <£>p : G x P P x^ P we obtain an 
isomorphism of tangent spaces (y?p)* : T e (G) x T P (P) — ► T p (P) x T T p (P) and 
an identification (X i— »■ proji((yjp)*(V, 0)) of (? := Lie(G) = T e (G) with the tangent 
space to the fiber through p G P. Therefore a connection TC on P gives us a canonical 
decomposition T P (P) = Q © ft p for each p E P. Now considering the projection of 
T p (P) onto £ with kernel Hp for each p G P we get a certain (/-valued differential 
1-form f2 = fi(ft), called the connection form of ft. 

Definition 1.9.17. Let TC be a connection on a G-torsor P, whose connection form 
is Q. Let h be the natural projection of T p (P) on ft p for all p G P. The curvature 
of the connection ft is the 2-form Pft defined by (X AY\DQ) := (h(X) A h(Y)\dQ). 
A connection with zero curvature is called flat 

Remark 1.9.18. The trivial torsor P = G x X has a natural flat connection, 
consisting of vectors, tangent to X. We will call such a connection trivial. 

Lemma 1.9.19. Let X be a simply connected complex manifold, let n : P — ► X 
be a G-torsor, and let Ji be a flat connection on P. Then there exists a unique 
decomposition P-^GxI such that TC corresponds to the trivial connection on 
GxX. 

Proof. By |Sj], Ch. VII, Thm. 1.1 and 1.2], there exists a unique G-equivariant 
diffeomorphism ip : P — > G x X over X which maps TC to the trivial connection. 
Hence ip induces complex isomorphism between tangent spaces T P (P) = Q ®TC P and 
T<p(p){G x X) = Q © T 7r ( p )(X) for each p G P. In other words, both cp and ip' 1 are 
almost complex mappings between complex manifolds. [HR Ch. VIII, p. 284] then 



implies that <p is biholomorphic. □ 

2. First Main Theorem 

2.1. Basic examples. 

Definition 2.1.1. Let be a quadratic field extension, and let D be a central 
simple algebra over K. We say that a : P — > D is an involution of the second kind 
over k if + c^) = a(d\) + a(o?2), a(di<i2) = a(d2)ot(di) for all di,d2 G D, and 
the restriction of a to is the conjugation over k. 
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Notation 2.1.2. For k, D and a as in Definition |XT) , let G = GU(£>,a) be the 
algebraic group over k of unitary similitudes, that is G(R) = {d e (D® k R) x \da(d) e 
i? x } for each fc-algebra R. Define the similitudes homomorphism G — > G m by 
x I— > Notice also that by the Skolem-Noether theorem the group G satisfies 

PG(L) = G(L)/Z(G(L)) for every field extension L of fc. 

2.1.3. First basic example. Let F be a totally real field of degree g over Q, 
let K be a totally imaginary quadratic extension on F. Let D be a central simple 
algebra of dimension d 2 over K with an involution of the second kind a over F. Set 
G := GU(D, a), and put D u := D ®k J\" m for each prime u of K. Let f be a (non- 
archimedean) prime of F that splits in K, and let u> and w be the primes of K that 
lie over v. Then D®pF v = D w © D^, and the projection to the first factor together 
with the similitude homomorphism induce an isomorphism G(F V ) — > D* x F* . We 
identify G(F V ) with D* x F* by this isomorphism. 

Suppose that D w = M.sXd{K w ). Identifying D w with MaXd(K w ) by some iso- 
morphism we identify G(F V ) with GL d (K w ) x F*. Suppose that a is positive 
definite, that is G{F 00 .) = GXJ d (M.) for all archimedean completions F^. = M. of 
F. Put £" := F* x G(A^), then E' is a noncompact locally profinite group. Set 
r := G(F) C G(A£) = GL d (K w ) x E', embedded diagonally. 

Proposition 2.1.4. The subgroup T C G(A F ) = GL d (K w ) x £" satisfies the as- 
sumptions of Construction \1.5.J\ . 

Proof, a) is trivial. 

b) is true, because the closure of ZiT) = K x is cocompact in Z(G(A F )) = (A^-) x . 

c) Since PE' = PG(A£") and PG(F V ) = PGL d {K w ), we have to show that 
PT(= PG(F)) is a cocompact lattice in PG(A f F ). 

Lemma 2.1.5. If H is an F -anisotropic group, then H(F) is a cocompact lattice 
in H(Ap). 

Proof, see [FH, Thm. 5.5] □ 



Since PG is anisotropic over each F oai ^ it is anisotropic over F. Hence by 
the lemma, PG(F) is a cocompact lattice in PG(A^). The compactness of the 
PG(F OGi )'s implies also that the projection of PG(F) to PG(A^) is a cocom- 
pact lattice as well (see ||Shi| , Prop. 1.10]). Observe also that the projection 
PG(F) -> PG(F^) = PGL d {K w ) is injective. 

d) Since Z(T) = K x and Z(G(A f F )) = (A^) x , we have to show that the inter- 
section of K~ x C (A^) x with x {1} is trivial. This can be shown either by the 
direct computation or using the relation between global and local Artin maps (see 



CF|, Ch. VII, Prop. 6.2]). □ 
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Fix a central skew field D w over K w with invariant 1/d. Set E =: D* x E', then 



Construction |1.5.1| gives us an (E, K w )-sch.eme X corresponding to T. 



2.1.6. Second basic example. By Brauer-Hasse-Noether theorem (see |[Wel| , Ch. 



XIII, §6]) there exists a unique central skew field D mt over K which is locally 
isomorphic to D at all places of K except w and w and has Brauer invariant 1/d at 
w. By Landherr theorem (see |5(| Ch. 10, Thm. 2.4]), D mt admits an involution of 
the second kind over F. Fix an embedding ooi : K •— > C. It induces an archimedean 
completion F ODl of F, and we have the following 

Proposition 2.1.7. a) There exists an involution of the second kind a mt of D mt 
over F such that: 

i) the pairs (D, a) ®f F u and (D mt , a mt ) ®p F u are isomorphic at all places u 
of F, except v and ooi/ 

ii) the signature of (D mt , a mt ) at ooi is (d — 1, 1). 

b) The group G int := GXJ(D mt ,a mt ) is determined uniquely (up to an isomor- 
phism) by conditions of a). 

Proof, a) follows from |C|, (2.2) and the discussion around it] as in |C|, Prop. 2.3]. 
b) follows immediately from [^c], Ch. 10, Thm. 6.1]. □ 

Let G int be as in the proposition. Then embedding ooi defines an isomorphism 
D int ® K A Matj(C), and we identify PG^F^) with PGU d _ ltl (R) by the 
induced isomorphism. Set G int (F) + := G int (F) n G^^F^J . Then G int (F)+ = 
G int (F) if d > 2, and [G int (F) : G int (F)+] = 2 if d = 2. Set E int := G int (A^), and 
let E l nt C E int be the closure of Z(G int (F)) C E int . Embed diagonally G int (F) 
into G'^FooJ x E mt and define T mt to be the image of G mt (F) + under the natural 
projection to 

PG^FcoJ x (E int /El nt ) = PGU d _i,i(M) x (E int / E l nt ) . 

Proposition 2.1.8. The subgroup T mt is a cocompact lattice in PGUd-i,i(IR) x 

[E %nt jE 1 ^ 1 ), and it has an injective projection to the first factor. 

Proof. Notice that the natural projection E int /E* nt -> E int / Z \E int ) = PE int in- 
duces an isomorphism T int ^ PG int (F) + C PGU d _i,i(R)° x PE int and that the 

group Z(E mt )/EQ nt = (A^) x / K* is compact. Therefore it will suffice to prove that 
PG int (F) is a cocompact lattice with an injective projection to the first factor of 
PG mt (F 00l ) x PE mt . This can be proved by exactly the same considerations as 
Proposition [2.1.4| , c). □ 



36 



YAKOV VARSHAVSKY 



By the proposition, Y mt satisfies the assumptions of Construction p..3.6| , so it deter- 
mines an [E mt I 'E™*, C)-scheme X mt , which can be regarded as an (E mt , C)-scheme 

<in 




with a trivial action of Ef nt 



Remark 2.1.9. For each S G J r {E mt ) we have the following isomorphisms 

(xf l ) an = s\[B d ~ l x (s int /^5 nt )]/r in * 



= (S ■ Z(G™ t {F))\[B d - 1 x G int (A^)]/G int (F)+ 
= {S ■ Z{G int {F))\[B d - 1 x G int (A^)]/G int (F) + 
= SXIB*- 1 x G int (A£)]/G int (F)+. 
2.2. First Main Theorem. 

Definition 2.2.1. An isomorphism $ : E — > E mt is called admissible if it is a 
product of G(A£") ^ G int (A^), induced by some A^-linear algebra isomorphism 
—> D mt ®f &f (compare Proposition j2.1.7|) , and the composition map 
D* x F* —> (D™ 1 )* x F* —* G int (F v ), constructed from some algebra isomorphism 



D w -> D tnt ® K K w as in 2.1.3. 



2.2.2. Fix a field isomorphism C ^ C p , whose composition with embedding ooi : 
K C (chosen in |2.1.6| ) is the natural embedding K •—>■ K w C p . Identifying C 
with C p by means of this isomorphism we can view, in particular, K w as a subfield 
ofC. 

First Main Theorem 2.2.3. For some admissible isomorphism $ : E — > E mt 
there exists a Q-equivariant isomorphism /$ from the (E,C)-scheme X<c to the 
(E mt ,C) -scheme X int . 

2.2.4. Let Eq be the kernel of the action of E on X, and put E := E/Eq. By 
Corollary |1.6.4] there exists a subgroup A C PGUd-i,i(IR) x E such that the 



(E, C)-scheme X c corresponds to A by the real case of Construction |1.3.6| . By 
Proposition |1.5.3| , each admissible isomorphism $ : E — > E mt satisfies $(-Eb) = Eq 



int 



Hence $ induces an isomorphism $ : E ^ E mt /E % nt . 



Theorem 2.2.5. There exists an admissible isomorphism $ : E — > E mt and an 
inner automorphism <p o/PGUd-i,i such that (ip x $)(A) = Y mt . 



Lemma 2.2.6. Theorem 



2.2.5[ implies the First Main Theorem. 
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Proof. Theorem [2.2. 5| implies that there exists a $-equivariant analytic isomorphism 
/$ : (Xc) an — > (x mt ) an . From the $-equivariance we obtain analytic isomorphism 
U,s : (X s ,c) an ^ (X™( s) ) an for each S G F(E). Corollary [Og provides us with an 
algebraic isomorphism f$ t s '■ Xs,c — > satisfying (/$,s) an — /*,s- Taking their 

inverse limit we obtain a <3>-equivariant isomorphism fq> := lim/$ t $ '■ Xc ~> X mt . □ 

Thus we have reduced our First Main Theorem to a purely group-theoretic state- 
ment. For proving it we need to know more information about A. First we introduce 
some auxiliary notation. 

2.2.7. Let A' c PGU d _ 1: i(l)°xP£ and A" C PGU d _ 1 ,i(R)°x PE' be the images 
of A under the natural projections. Since the groups Eq\Z(E) and Eq\D* ■ Z(E) 
are compact, Lemma |1.3.11| shows that subgroups A' and A" correspond by the 
real case of Construction |1.3.6| to the (PE, C)-scheme X' c := Z(E)\Xq and to the 
(PE', C) -scheme X'^ := (D* x Z(E))\Xq respectively. The same lemma implies 
also that the natural projections A — > A' and A — > A" are isomorphisms. 

Let E'q be the image of Eq under the canonical projection to E' . Let P be the 
image of Y under the projection GL&(K W ) x E' — > Gh^(K w ) x (E' \E'). Then by 
Proposition |1.5.3| c), the group P corresponds by the p-adic case of Construction 
PT61 to the (E' \E' , K w )-scheme X'" \= D%\X. Recall also that by Proposition 
1.5.3| d) the (PE', f^)-scheme X" = (D* x Z(E))\X is obtained from the subgroup 



PT C PGLd(-Kiu) x PE' by the p-adic case of Construction |1.3.6| . 

For each subset of A, A' or A" (resp. of V , P or PT) we denote by 0^ 
(resp. Qq) and 0^ its projections to the first and to the second factors respectively 
(compare |1.1.8| ). 

Our next task is to establish the connection between A and P The next key 
proposition is the modifications of [|Ch2| , Prop. 2.6]. In it we apply Ihara's technique 
of elliptic elements to relate elements in A and in T. 

Proposition 2.2.8. For each 5 G A with elliptic projection 5^ G PGUd-i,i(K) , 

there exists G T and-yo G D* with (70,7,0) G Gh^(K w ) xD^ elliptic (with respect 
to its action on ) and a representative 5 = (^oo^e) £ GUd-i,i(JR)° x E of S 
satisfying the following conditions: 

a) the elements (7d,7_b) and 5e are conjugate in E; 

b) the characteristic polynomials of 5^ and 7^ are equal. 

Conversely, for each 7 G T and 7^ G D* with (j G , j D ) G GL d (K w ) x D* elliptic, 
there exist 6 G A with elliptic projection 5^ G PGUd-i,i(IR) and a representative 
5 G GUd-i,i(IR) x E of 6 satisfying conditions a) and b). 
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Proof. If an element 8^ G Aoo is elliptic, then 5^ has a fixed elliptic point P 
on P d_1 . The action of 5^ on P d_1 coincides with the action of Se on B d ~ x = 
P^ 1 x {1} c (B d - 1 x P)/A = (X c ) an } therefore P, viewed as a point of (X c ) an (or 
of X (€.)), is an elliptic point of 5e- Using the isomorphism C C p , chosen above, 
P can be considered as a point of X(C P ), hence as a point of the p-adic pro-analytic 
space X an . There exists an element g G P such that the point P' := g(P) lies in 
IV := jOi(S^- ) in the notation of Corollary |1.5.4 . 

Let 7r be the natural projection X — > X'". Choose a representative g G P of 
g^Eg 1 G P. Since g fixes P', it fixes the projection P" := 7r(P') G (X^) an . Hence 
g stabilizes the connected component f^d^Cp x {1} c (X^) an containing P". 
By Proposition |1.5.3| c), the image of g under the canonical projection P — > E' \E' 
belongs to the projection of T' to E' \E'. We can therefore choose 7 G T whose 
projection to E' \E' coincides with that of g G P. Therefore g ■ 7^ belongs to 
P* x Pq = P* ■ P . Hence there exists a 70 G P* such that ^(TzT'Te" 1 ) e ^o- It 
follows that (70,7s) G P is also a representative of gtfs'P 1 - 

The action of (70,7s) on the tangent space of P' G 3^ is conjugate to the action 
of Se on the tangent space of P, therefore P' is an elliptic point of (70,7s)- Since 
pi is etale, one-to-one (use Corollary |1.5.4| ) and D w x T-equivariant, the action of 
(70, 7s) on the tangent space of P' G y coincides with the action of (70, 70) on the 
tangent space of p^f 1 (P / ) G E|- . Therefore p|f 1 (P') is an elliptic point of (7c To)- 
It follows that the action of (7c 70) on the tangent space of p _1 (P') G is 
conjugate to the action of 5^ on the tangent space of P G P d_1 . Using the etalness 
of the projection E^- — > we conclude from Lemma |1.7.2| that there exists a 
representative 5^ G GUd-i,i(M)° of such that the characteristic polynomials of 
5'^ and 7g are equal. Hence 5 := (5^, g _1 (TD, Te)sO * s the required representative 
of 5. 

The proof of the opposite direction is very similar, but much easier technically 
If an element (7(3,70) G Tg x P* is elliptic, then it has an elliptic point Q G E 1 ^. 
Hence Q' := pi(Q) G X an is an elliptic point of (70,7s) G P. Hence Q' can be 
considered as a point of the complex analytic space (Xc) an = (P^" 1 x P)/A. Choose 
a representative (x,g) G P d_1 x P of Q'- Then the element 5(70, lE)g~ l £ P fixes 
Q" := <?(Q') G P^ 1 x {1}, hence it stabilizes the connected component B d ~ x x {1} C 
(Xc) an . It follows that the image of #(70, 7s)g -1 under the projection of P to P 
belongs to As- The rest of the proof is exactly the same as in the other direction. □ 
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Corollary 2.2.9. For each 5 G A with elliptic projection 5^ G PGUd-i,i(R)°, 

there exists a representative 

6= {6ooXJvJ fiV ) e GU d _ M (K)° x^x F* x G{A f /) 

such that 

a) if we view K as a subset of C, of K w and of K ® F A E V respectively, then 
the characteristic polynomials of 8 00 ,S V and 8*' ,v have their coefficients in K and 
coincide; 

b) f v and the similitude factor of 5^ ]V belong to F, viewed as a subset of F* and 
of (hp V ) x respectively, and coincide. 

Proof. Take 7 and S as in the proposition. Then the statement follows from Propo- 
sition fTTjl □ 



Proposition 2.2.10. The closure A' E contains (SD* n T x ) x P(G der (A f /)) . 

Proof. Let X' be the connected component of X' c such that (X' ) an D B^ 1 x {1}. 
Then by Proposition |1.3.8| c), A' E = StabpE>(X' ). Proposition |1.4.6| implies that the 
group SD* fl Ti acts trivially on the set of connected components of X' c , therefore 
it remains to show only that A" E D P(G der (A E v )). To prove it we first observe that 
by the strong approximation theorem (see, for example, ||Ma| , Ch. II, Thm. 6.8]), 
the closure PG(F) of PG(F) in PE' = PG(A^) contains P(G der (A F ]V )). So the 
proposition follows from 



Lemma 2.2.11. We have A E = PG(F). 

Proof. By Proposition |1.3.8| c), we see that A E is the stabilizer of the connected 



component of X'^ such that (Y^)™ D B d ~ l x {1} and that PG(F) is the 
stabilizer of the connected component Y p of X'^ such that (Y p ) an D Q d Kw x {1}. Since 
the group PE 1 acts transitively on the set of geometrically connected components 
of X", the subgroups A" E and PG(F) are conjugate in PE' . Since A" E contains 
P(G der {A f /)), it is normal. So we are done. □ 

□ 

2.3. Computation of Q(TrAd). In the next subsection a field Q(TrAd) (gener- 
ated by the traces of the adjoint representation) will be a field of definition of a 
certain algebraic group. 

Remark 2.3.1. If g G GLd, then by direct computation we obtain that TrAdg = 
Tr g ■ Tr(g _1 ). Hence for g G PGL^ we have TrAdg = Tr (7 • Tr(g _1 ) — 1 for each 
representative g G GL d of g. 
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Proposition 2.3.2. We have Q^TrAdA^) = F R. 

Proof. It follows from Proposition |2.2.8| , Proposition |1.7.5| and Remark |2.3.1| that 

Q(TrAd5 oc | 5^ G A^ is elliptic) = Q(TrAd 7G | 7g G PT G C PGL d (K w ) is elliptic ). 

Let F 1 be the last-named field. Then F' C F, since PT = PG(F) and since PG is 
an algebraic group defined over F. It follows from the weak approximation theorem 
that for each non-archimedean prime u ^ v of F, the closure of the projection to 
PG(F U ) of the set {7 G PT\ 7g is elliptic} contains an open non-empty subset of 
PG(F U ). (Recall that the closure of PTq in PGL<i(K w ) contains PSLd(K w ) by 
Proposition |1.1.10| , and that the set of elliptic elements of PSh^(K w ) is open and 
non-empty by Proposition |1.7.3| .) Therefore F' is dense in each non-archimedean 
completion F u of F for u 7^ v . Thus F' splits completely in F at almost all places. 
Hence F' = F (see |[La| , Ch. VII, §4, Thm. 9]). This part of the proof is completely 



identical with Cherednik's proof of [|Ch2j , Prop. 2.7]. 

Now we want to prove that Q(TrAd Aoo) = Q(TrAd<5oo| <5oo G Aoo is elliptic ). 
Since the group PGUd-1.1 is absolutely simple, the representation 
Ad : PGU d -i,i(K) -> GL(Lie(PGU d -i,i(M))) = GL d 2_i(M) is absolutely irre- 
ducible. Therefore our statement is a consequence of the following general 

Lemma 2.3.3. Let p be an absolutely irreducible algebraic representation o/PGUd-1,1, 
and let A be a dense subgroup of 'PGU d -i,i(M)° . Then Q(Tr(p(A))) = Q(Trp(5)\5 G 
A is elliptic ). 

Proof. Let L be the last-named field. If g G PGUd-i i i(lR) is elliptic and g r is 



not elliptic for some r G Z \ {0}, then by Lemma |1.7.2| , g belongs to some Zariski 
closed proper subset of PGU d -i,i. Therefore for each iVeN, there exists an open 
subset W C PGUd-i,i(lR) such that for each g G W and each r G Z, satisfying 
1 < |r| < N, the element g r is elliptic. Choose g G W. By the continuity of 
multiplication, there exists an open neighbourhood U C W of g such that for each 
9ii ■••) 9k £ U and each ni, n k G Z, satisfying n x + ... +n k 7^ 0, + ... + \n k \ < N, 
the element g™ 1 ■ ... ■ g^ k is elliptic. Take = 6m 2 , where m is the dimension of p. 

Since PGUd-i,i(ffi)° is a connected real Lie group, it is generated by U. The 
subgroup A is dense in PGU d -i,i(IR) by Proposition |1.1.10| , therefore AnU gen- 



erates the group A (see |[Ma|, Ch. IX, Lem. 3.3]). Since the restriction of p to the 



Zariski dense subgroup A is absolutely irreducible, Burnside's theorem (see |[Wa| , 
vol. Il^Ch. XVII, 130]) implies that V := dim R (Span M (p(A))) = m 2 . 

Set A := {1} C A, and for each positive integer n set A n := {g™ 1 • ... ■ g k k \gi G 
Aqo H U, \ni\ + ... + \n k \ < n} C A. Denote dimR(SpanK(p(A n ))) by V n . Since 
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A = \JA n , we have I = V < V 1 < ... < V n < ... < V = supV n . Moreover, if 

n n 

T> n = T> n+ i for some n, then T> n = T> n+ i = ... = T>. Therefore T> m 2_i = m 2 . Hence 
there exist elements <5, G A™ 2 " 1 , i = l,...,m 2 such that {p(Si)}i constitute a basis 
for Mat m2 (E). Choose any g G A n U and take 6 t := g m2+1 Si. Then {p{5i)}i still 
constitute a basis for Mat m a(R). Each Si is of the form g™ 1 ■ ... ■ g^ k , where the g^s 
belong to Anil and the n^'s satisfy n\-\- ...-\-rif. > 2 and |ni| + |r*2 [ + ... + \rik\ < 2m 2 . 
In particular, each Si is elliptic, therefore Trp(^) G L. 

Lemma 2.3.4. If for some S G PGUd-i,i(R)° the elements SSi are elliptic for all 
i = l,...,m 2 , then p(S) can be written as a linear combination of the p(Si)'s with 
coefficients in L. 

Proof. Let e\,...,e m 2 be the dual basis of {p{Si)}i relative to the bilinear form 
(x,y) i — ► Tr(xy). If S is as in the lemma, then Trp(SSi) = Tr (p(S)p(Si)) G L for 
all i — 1, ...m 2 . Hence p(<5) can be written as a linear combination of the e^'s with 
coefficients in L. Therefore it is enough to prove that each can be written as a 
linear combination of the p(5j)'s with coefficients in L. The last condition is equiv- 
alent to the condition that each p(Si) can be written as a linear combination of the 
ej's with coefficients in L. Thus, as we mentioned above, to complete the proof it 
is enough to show that each Si satisfies the conditions of the lemma. This follows 
directly from the definition of the S^s and of U. □ 

The choice of the Si's assures that for every S G A fl (U U U^ 1 ) the elements SSi 
are elliptic for all i = 1, ...,m 2 . Therefore the above lemma implies that p(S) can be 
written as a linear combination of the p(Si) , s with coefficients in L. The set U fl A 
generates the group A, hence for every S G A, the linear transformation p(S) can 
be written as a polynomial in the p(5i)'s with coefficients in L. For each i, j, k G 
{l,...,m 2 } the elements SiSjSk are elliptic, therefore by the lemma each p(SiSj) = 
p(Si)p(Sj) can be written as a linear combination of the p(Sj s ) , s with coefficients in 
L. Hence every polynomial in the p(^)'s with coefficients in L, can be written as a 
linear combination of the p(5i)'s with coefficients in L. In particular, this is true for 
each p(5) with S G A. Hence Q(Trp(A)) C L. □ 

□ 

Corollary 2.3.5. Suppose that a subgroup A C Aoo is Zariski dense in PGUd-i,i 
and that A^ C Comm PGUd _ 1 l(R) (A). Then Q(TrAdA) = Q(TrAdA OQ )(= F). 

Proof. Set L := Q(TrAdA), then there exists an L-form V of Lie(PGU d -i,i(K)) 
preserved by Ad A (see ||Ma| , Ch. VIII, Prop. 3.22]). Take any S G A^. Then some 
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subgroup of finite index A' of A satisfies SA'5' 1 C A, hence (Ad 5) (Ad A') (Ad 5)~ 1 (V r ) 
V. 

Since the subgroup A' is also Zariski dense in PGUd-1,1, Burnside's theorem im- 
plies that Ad A' generates End V as an L- vector space. Therefore 
(Ad 5) (End V) (Ad 5) - 1 c End]/. In other words, Ad(Ad5)(End\/) = EndV. Let 
H be the Zariski closure of Ad A C GL(V). Then H is an L-form of AdPGUd_i,i, 
hence LieH C End\/ is an L-form of Lie(AdPGUd-i,i). In particular, LieH = 
End ynLie(AdPGU d _i,i), therefore Ad(AdA oc ) (Lie H) = LieH. Since PGU d -i,i 
is adjoint, the homomorphism ad := Ad* : LiePGUd-i,i — > Lie(AdPGUd-i,i) is 
an isomorphism. Therefore V := ad -1 (LieH) is an L-form of Lie(PGUd-i,i) and 
Ad A^ c GL(V). It follows that Q(TrAd A^) c L. □ 

2.4. Proof of arithmeticity. 

2.4.1. Consider the subgroup A' C PGU d -i,i(R)° x PE C PGU d _i,i(K) x PE, 
defined in |2.2.7|. For a finite place u of F let G u be PGp u for u ^ v and PGL^^), 



viewed as an algebraic group over F v = K w , for u = v. In what follows it will be 
also convenient to introduce a formal symbol oo and to write Foo instead of K and 
Gqo instead of PGUd-i,i (the algebraic group over F^ = M). 

Let M be a finite set of non-archimedean primes of F, containing v for simplicity 
of notation. Set M := M U oo and choose S G J(PG(A^ ;M )). For each subset M' 

of M, denote ]~[ G U (F„) by Gu 1 - Denote also the projection of A' fl [Gm x S) to 

ueM' 

Gm by A . Let A^ (resp. Af) be the projection of A s to Goo (Foo) (resp. to Gm)- 
For each u G M and each 5 G A s denote the projection of 5 to G U (F„) by 5 U . 

Definition 2.4.2. A lattice T C G M is called irreducible if for every proper non- 
empty subset M' C M the subgroup (r D Gm')(X ^ ^m^m 1 ) is °f infinite index in T 



compare ||Ma| , p. 133]). 



Definition 2.4.3. We say that a lattice T of G M has property (QD') if the closure 
of T • Goo (Fx)) m G M has a finite index. 



Remark 2.4.4. Since the group PGUd-1,1 is isotropic over M, it follows from [Ma, 



p. 290, Rem. (v)] that if T has property (QD'), then it has property (QD) in the 



sense of Margulis (see ||Ma| , p.289]). 

Proposition 2.4.5. The subgroup A s C G M is a finitely generated cocompact irre- 
ducible lattice, which is of infinite index in CommG^{A s ) and has property (QD'). 
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Proof. Observe that PGU d _i,i(K) xPE = G n x PG(Af M ) and that A' is a cocom- 
pact lattice in G& x PG(A;£ M ) having injective projection to PGUd_i,i(R), hence 
to Gf-j. It follows from Lemma |1.1.9| that A s C G^ is a cocompact lattice, which is 
of infinite index in Comma^ (A ). By Proposition |2.2.10| the closure of Goo^oo) • A' 
in G a x PG(Af M ) contains G^F^) x (SD* n T x ) x P(G der (A^)). Hence the 
closure of Goo^oo)- A' in G A? contains G 00 (F 00 )x (5^ nTx)x ]\ P(G der (F u )). 

(l£M\{l)} 

In particular, A 5 has property (QD'). Let M' be a non-empty subset of M. Then 
A s C\Gm' = {1}, because the projection of A' to PGU d -i,i(R) is injective. Suppose 
that A 5 is not irreducible, then [A s : (A 5 PI Gff^ M ,)] < oo. Hence 



[Goo^oc) • A 5 : (G^F^) • A 5 ) n Gm^m>] < oo. 



Since Goo(Foo) • A 5 D G^fJ x nT x ) x J] ^(G der (F u )) and 

«€M\{»} 



(Goo (Poo) • A s ) fl Gm^m' c Gm^ m ,, we get a contradiction. Since A s is a cocom- 
pact lattice in G&, it is finitely generated (see |[Ma|, Ch. IX, 3.1(v)]). □ 



2.4.6. Now we are going to use the results of Margulis (see Ma ]). By ||Ma| , Ch. 
VIII, Prop. 3.22], there exists a basis in Lie(PGUd-i,i(R)) such that all transforma- 
tions in Ad Aqo are written in this basis as matrices with entries in Q(TrAd A^) = 



F C F 



001 



Define a rational over R homomorphism <p : G c 



GL r 



"00 ' vj_u r i 2 -l 

by assigning to g G Goo the matrix of Adg in the above basis. It follows that 
(^(Aqo) C GLd2_i(-F). Let H be the Zariski closure of </?(Aoo); then H is an al- 
gebraic group, defined over F, and ^(Aqo) C H(F). Since A ra is Zariski dense in 
Gqo and since the group Goo = PGUd_i,i is adjoint, tp induces an isomorphism 
PGUd-1,1 — » H Fooi . In particular, H is an F-form of PGUd-1,1. 

By Proposition 2.4.5 , A s satisfies the conditions of Theorem (B) of [ Ma , p. 298], 
therefore it is arithmetic in the sense of |[Ma| , p. 292]. The group A^ is Zariski dense 
in Goo (see |[Ma| , Ch. IX, Lem. 2.1]), and Aoo C Comm Goo ( Foo )(A^). Hence y(A^) 
is Zariski dense in H, and Q(Tr Ad A^) = F (by Corollary 2.3.5| ). 

It follows (see Margulis' proof |Ma| , pp. 307-311]) that the following conditions are 
satisfied: 



a) The group H(F 00i ) is compact for each 



,g. 



b) There exists a unique bijection / from M to a (finite) set of non-archimedean 
primes of F satisfying the following property: for each u G M there exists a contin- 
uous isomorphism u u : F u ^ Fjr u ) and an u; u -algebraic isomorphism r u : G u H 
(that is t u becomes an isomorphism of algebraic groups over F u after the identifica- 
tion of F u with Fi(u) by means of u> u ) such that t u (5 u ) = <^(5oo) G H(F) C H(Fj( u )) 
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for all 5 G A 5 . Since the subgroup Af is Zariski dense in G u (see [[Ma], Ch. IX, 
Lem. 2.1]), r u is unique. 

c) Let t m : H ueM G u (F u ) ^ ELeM h (-^/(«)) be tne product of the r u 's. Put 
F ,i(M) ■= {f e F|/ G C? Fu for each finite prime u £ I(M) of F}. Then the 
subgroup 7~(Af,) C H(F) is commensurable with H(C , ^ i /( M )). 

Taking M larger and larger we conclude from b) that there exists a unique one- 
to-one surjective map / of the set of all non-archimedean primes of F into itself such 
that for each prime u of F there exists a continuous isomorphism u u : F u —>■ Fj^ 
and a unique uvalgebraic isomorphism r u : G u — ► H such that T U (5 U ) = v?(^oo) G 
H(F) C H(i 7 /( u )) for all 5 G A'. The maps r u combined together for all non- 
archimedean primes u of F give us a continuous isomorphism r : rLG u (F u ) 
T] M H(F U ) such that r(A^) C H(F) C H(A£) C FL 11 ^)- B Y <0, the subgroup 
t(A' e fl S 1 ) is commensurable with H(0p) for each 5 G F(FF). 

2.5. Determination of H. 

2.5.1. Recall that H is an F-form of PGUd-i,i- In particular, it is a form of 
PGL d . By the classification of simple algebraic groups (see JTJ), there exists a 
quadratic extension F' of F and a central simple algebra D' over F' of dimension d 2 
(defined up to a replacement D' i— ► (D') opp ) with an involution of the second kind a' 
over F such that H = PGU(D', a'). Moreover, F' is uniquely determined if d > 2 
and can be chosen arbitrary if d = 2. We denote the group GU(F/, a') by G' and 
will not distinguish between H and PG'. 

Claim 2.5.2. For each non-archimedean prime u of F we have I(u) = u and u u is 
the identity. 

Proof. Since the map r u : G u — > H is c^-algebraic, we have TrAd(r M (g)) = uj u (TrAd(g)) 
for each g G G U (F U ). Hence for each S G A' we have 

TrAd(v? x t)(5) = (TrAd(5 00 );...,^ u (TrAd(5 u )),...) G (F^; F /(m) , ...). 

Recall that (tp x r)(A') C H(F), hence TrAd((y? x r)A') C F. On the other hand, 
Corollary |2.2.9| implies that TrAd(<5) G F C F COl x A f F for each 5 G A' with elliptic 



Sqo. In particular, for such 5's we have TrAd(5oo) = TrAd(<5„) G F for each u. Since 
we showed in the proof of Proposition |2.3.2| that Q(TrAd(5 0O )|5 0O is elliptic) = F, 
we conclude from the above that the restriction of each uj u : F u Fj^a to F is the 
identity. Since each u u is continuous, the claim follows. □ 

2.5.3. Next we will show that in the case d > 2 we have F' = K. Indeed, if a prime 
u of F splits in K, then PG'(F U ) = G U (F M ) = PD* for some central simple algebra 
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D u over F u . It follows that u splits in F'. By [|La], Ch. VII, §4, Thm. 9], F' = K. 



As we mentioned before, we may take F' = K also in the case d = 2. 

Proposition 2.5.4. T/ie map r induces a continuous isomorphism PE H(A^). 

Proo/. Since S PP* x PE' and H(A£) S H(F„) x H(A^), we need only 
to show that r v : Yiu^v Gu(^«) rL^t)H(P u ) induces a continuous isomorphism 
PP' ^ H(A^). 

First we claim that r v induces a continuous map from A' C PE' to H^A^"). 
In fact, let a sequence {S n } n C A^ converges to g G PP'. Then the sequence 
{5n^„+i}n converges to 1. Therefore for each S" G JF(PP') there exists iYs G N 
such that 5 n <^+i 6 Ag n 5 (hence r^nt^) G r"(A^ fl 5)) for all n > N s . Since 
t v (/S!' e fl S 1 ) is commensurable with H((9p), it is contained in a compact subset of 
H(A£ 1 '). Therefore the sequence {^((Wn+i)}™ C H^A;^'") has a limit point. Let 
h be some limit point of {T v (5 n 5~ +1 )} n , and let {t v (8 ni S~^ + be a subsequence, 
converging to ft,. Then for each prime u ^ v of P we have 



h u = lim r u ((5 ni (5„ i 1 +1 ) u ) = r„(lim (5„ j 5 n . 1 +1 )„) = 1 



because t u is continuous. It follows that 1 is the only limit point of {T t; (5n ( 5 ri + 1 )}„, 
therefore the sequence {T v (S n )r v (S~^ 1 )} n converges to 1. Now by similar arguments 
we see that the sequence {T v (5 n )} n converges to T v (g) G H(A^ ). 

Moreover, the same arguments also imply that if we show that t v (PE') = K(A f /), 
then the continuity of t v and of (t 1 ") -1 will follow automatically. 

Observe that for each non-archimedean place u we have G(F u ) der = G der (P u ) 
(resp. G'{F u ) deT = (G') der (P u )) (see 1.3.4 and Thm. 6.5] in the anisotropic 



and [[PR], Thm. 7.1 and 7.5] in the isotropic cases respectively). Therefore r v induces 



an isomorphism of derived groups Ylu^v -P(G der (P u )) — > Yl u ^ v P((G') der (F u )). 
By Proposition gXT0| , Aj D P(G der (A^)) = PG(A£") n Yl u ^ v P(G der (P„)). 



Hence by the facts shown above, 

r^(P(G der (A^))) c PG'(A^) n[[P((G') der W) = P((G') der (A^)). 



In particular, r^(U u ^ P(G de *(0 F J)) = U u ^ r u (P(G d ^(0 Fu ))) C P((G') der (A^)). 
It follows that r u (P(G der (C F J) C P((G') der (0 Fu )) for almost all u ± v. Since 
each t u is algebraic, the subgroups r u (P(G der (0 Fu )) and P((G') der (C > i? u )) are con- 
jugate (hence equal) for almost all u ^ v. It follows that T v (P(G der (A F ,v ))) = 
P((G') der (A^)). 
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Therefore to complete the proof it will suffice to show that PG(Ap") (resp. 
PG'(A f /)) is the normalizer of P(G der (Af")) in the product H u ^ v PG(F u ), and 

similarly for PG'. Since PG(A F ,V ) is the restricted topological product of the 
PG(F u )'s with respect to the PG(Of u )'s, it remains to show that the normalizer of 
P(G der (C F J) in PG(F U ) is PG(O f J for almost all u. This can be done by direct 
calculation. □ 

We will use the same letter r to denote the isomorphism between PE and PG'(A^) 

2.5.5. Notice that regular function t := Tr d /det on GLd defines a function on 
PGLd- Moreover, an algebraic automorphism if> of PGL^ is inner if and only if 
it satisfies t o tp = t. Therefore there is a unique choice of an algebra D' defining 
G' (see p.5.1|) such that the function t' := Tr d /det on PG', defined by the natural 



embedding G'(F) D', satisfies 1/ o cp — t. 

Proposition 2.5.6. We have D' = D mt , G' = G int , and r is induced by some 
admissible isomorphism. 



Proof. By Corollary 2.2.9| , for each 5 G A' with elliptic 5^ we have t(5oo) = t(5 v ) 



t(S f ' v ) G K. Since (ipXr)(5) G PG'(F) C PG'(F 00l xA f F ), we have t((<pxr)5) G K. 
By our assumption, t((f(5 OQ )) = t(5 00 ) for all 5 G A'. Hence for each 8 G A' with 
elliptic <5oo we have t(T u (5 u )) = t(S u ) for each non-archimedean prime u of F. 

Recall that the algebraic isomorphism r u : PG(F U ) — > PG'(F U ) for u ^ v is 
induced either by an F u -linear isomorphism D®p Fu — D' ®p F u or by an F M -linear 
isomorphism D ®p F u ^ (£)')°pp f E u , composed with an inverse map (g i— > 
In the first case we have t(r u (g u )) = t(g u ) for all g u G G u (F n ), and in the second 
one t(r u (g u )) = tig' 1 ) for all g u G G U (F U ). 

To exclude the second possibility we need to show the existence of a 5 G A' 
with elliptic ^ such that £(5oo) 7^ ^(5^ > 1 ). Since the condition = t(g~ l ) is 
Zariski closed and non-trivial and since the closure of all elliptic elements of Aqo G 
PGUd-i,i(IR) contains an open non-empty set, we are done. 

It follows that D' is locally isomorphic to D mt at every non-archimedean place 
of K, except possibly at w and w, and that the map t v : PG(A^) A PG'(A£") 
is induced by some admissible isomorphism. To prove the statement for the v- 
component we copy the above proof replacing PG(F U ) by PGL-i(D w ) and D ® F F u 
by D w © D%*. 

Since D' and D mt are locally isomorphic at all places, they are isomorphic. We 
showed before that PG^F^J = PGUd_i,i(l), and that for each i = 2,...,g the 
group PG'(FooJ is compact and, therefore, is isomorphic to PGUd(t). Proposition 
2T7j b) then implies that G' £ G int . □ 
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From now on we identify G' with G mt . 

2.6. Completion of the proof. Our next task is to prove the following 
Proposition 2.6.1. We have {if x r)(A') = PG int (F)+. 

Proof. First observe that (^xr)(A / ) 0O = <^(Aoo) C ^(PGU d -i,i(M)°) = PG 1 "*^) , 
therefore (<p x r)(A') C PG int (F) + and (<p x t v )(A") C PG int (F) + . Since the pro- 
jection of PG int (F) to PG^F^) x PG int (Af") is injective, it remains to show 
that 

(2.1) [PG int (F) : PG int (F)+] = [PG int (F) : (<p x t v )(A")}. 

We are going to use of Kottwitz' results described in |1.8| . Recall that PG int is an 
inner form of PG. Let tupc and oo FG int be non-zero invariant differential forms of top 
degree on PG and PG int respectively, connected with one another by some inner 
twist as in |1.8.2| . They define invariant measures \u)pg\ an d |^pG int l on PG(F U ) 
and PG mt (_F u ) for every completion F u of F and product measures on PG(A^) and 
PG mt (Ap) respectively (see |]We2|, Ch. 2]). It follows from Weil's conjecture on 



Tamagawa numbers and from Ono's result (see Ono's appendix to |[We2|| ) that 



(2.2) |cu PGin t|(PG mt (A F )/PG mt (F)) = |wp G |(PG(A F )/PG(F)). 

Lemma 2.6.2. Let A and B be locally compact groups, let S be a compact and open 
subgroup of A, and let V be a lattice in A x B with injective projection to B. Then 
for every right invariant measures \x A on A and fis on B we have 

(lia x li b )([A x B}/T) = lia(S) ■ fj, B ([(S\A) x B}/T). 

Proof. Let Ya be the projection of Y to A. Choose representatives {ai} ieI of the 
double classes S\A/T A - For each i G I let Tj be the projection of the subgroup 
(a^Sai x B) flT to B. Then Tj is a lattice in B, therefore there exists a measurable 
subset Ui of B such that B is the disjoint union JJ U^. Since Y has an injective 

projection to B, we have A x B = JJ [KSVij x Ui)j. Then 
(li A x Hb){[A x B]/Y) = ^LiA^Sai) ■ Li B (Ui) = li a {S) • 

i i 

= fji A {S) -J2vB(ai x Ui) = lia(S) ■ Hb([(S\A) x B]/Y). 

i 

□ 
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By the lemma, for each S G JF(PG(A£ ,; )) the left hand side of ( p.2|) is equal to 
f[ I^pg^KPG 1 "*^)) ■ l^ntKPG^^)) ■ \u PG - m t\(r v (S))- 

i=2 

(2.3) l^pGintKr^^VpG^^J x PG int (A^)]/PG int (F)) 



and the right hand side of (|2.2j ) is equal to 

9 

(2.4) [JI^pgKPGCFooJ) • \up G \(S) ■ \u FG \(S\PG(A f F )/PG(F)). 



i=i 



By definition, |tjp G tot|(PG tat (F 0O .)) = |cj pg |(PG(F 00 J) for each i = 2, ...,d and 
|a; PG i„t|(r u (^)) = |w PG |(,S) for each S G F(PG(A f /)). 



Since the expressions of ( |2.3|) and Q2.4| ) are equal, Proposition |1.8.5| and Remark 
1.8.6| imply that 

tfPGfr* (r u (5)\[PG int (F 00l ) x PG int (A^)]/PG int (F) + ) = 

(2.5) =d-^ PGpv (5\PG(A{.)/PG(F)) 

('+' was added to multiply the left hand side by 2 when d = 2). 

If 5 is sufficiently small, then for each a G PG(A£ 1 ') the group a~ 1 Sa fl PG(F) 
is torsion-free by Proposition |1.1.10| . Let Y a -i Sa be the projective variety over K w 
such that F a a _ n l5a ^ (a^Sa n PG(F))^\fi^. By Kurihara's result (see jKuJ, Thm. 
2.2.8]) c rf _i(Ty o _ 1So ) = Xi?(fl _1 5anPG(F)) • c rf _i(T pd -i), where c d _ x (Ty _ lg J (resp. 
Cd_i(T P d-i)) is the (rf — l)-st Chern class of the tangent bundle of Y a -i Sa (resp. 
P d_1 ). Notice that Cd-i(Tpd-i) = d, hence Cd-iiTy _ ls ) = d ■ /ip Gp ( y (a~ 1 Sa fl 
PG(F))APG(F,)). 

Since (Y a ^ Sa ,c) an = A^^" 1 , we have c^Ty^J = ^(T^jJ = 
Yj?(A"-! Sa \B d ~ l ) (see for example |BT], Prop. 11.24 and (20.10.6)]). The last 
expression is equal to X-eCA^-i^) = A i PG-u d _ 1 ± (A£_ 15a \PGU d _i,i(K)). This shows 
that for each a G PG(A^) we have 

d ■ /iPG Fv ((a-^a n PG(F)) V \PG(F V )) = ^^(A'^PGV^R)). 

Summing this equality for a running over a set of representatives of double classes 

5\PG(Aj ; ")/PG(F) we obtain that 

d-/i PGpv (-5\PG(Ai)/PG(F)) = /ip GUd _ ljl ( i 5\[PGU d _ 1)1 (R) x PG(A^)]/A"). 
Since the right hand side of the last expression is equal to 

A*pgS- (^(fiONPG^CFooJ x PG int (A^)]/(y, x 0(A")), 



P-ADIC UNIFORMIZATION 



49 



we conclude (12. II) from (12.51). □ 



2.6.3. By Proposition [2.5.6 there exists an admissible isomorphism $ : E A E mt , 
inducing the isomorphism r : PE —> PE mt . Choose 5 G A with elliptic G A^ 
and TrAd(5oo) ^ — 1. Choose its representative 5 G GUd-i,i(IR) x E as in Corollary 



2g Then (Tr <5)(Tr5 _1 ) G K x . Let 5' be the projection of 8 to PGU d _i,i(l) x£. 



Set 7 := (<p x and let 7^ be its projection to E. 

By the definition of admissible map, Tt(je) G K x . Let 5 be the image of 5 
in A', then 7 := (r x belongs to PG int (F)+. Let 7' G G int (F) + be some 

representative of 7, then 7^7^ G Z(E mt ). Therefore 7^ 7^ = (Tr7£) _1 (Tr 7^,) G 
# x = Z(G int (F)). Thus 7 B and 7^ have equal projections to PGU d _i i:L (M) x 
(E int /E l nt ), hence (<p x $)(<*) G T in *. 

The condition {<5oo is elliptic and TrAd(5oo) 7^ —1} is open and non-empty, there- 
fore the above 5's generate the whole group A = A^ (see [[Maj, Ch. IX, Lem. 3.3]). 



It follows that (jp x $)(A) C r in *. Since the projection vr : T int -> PG int (F) + is an 
isomorphism, Proposition |2.6.1 implies that (</> x $)(A) = T mt . This completes the 



proof of Theorem |2.2.5| and of the First Main Theorem. 

3. Theorem on the p-adic uniformization 

The First Main Theorem implies that for some admissible isomorphism $ : E — > 
E mt there exists a $-equivariant C-rational isomorphism /$ : Xc — ■> X m *. Therefore 
for some C/i^„,-descent X m * of the (E mt , C)-scheme X mt , /$ induces a i^-rational 
isomorphism X X m *. To describe X int we need some preparations, following 
{Del] (see also fMTJ) 

3.1. Technical preliminaries. In this subsection we recall basic notions related 
to Shimura varieties and give their explicit description in the cases we are interested 
in. 

3.1.1. First we realize X mt as a Shimura variety. Set H mt := R^/qG 111 *. Then 
H int is a reductive group over <Q> such that H int (A / ) = G int (A^) and H int (lR) = 
nj=i G mt (F 00 J. Put S := Rc/isG m , and let h be a homomorphism S — > H m V such 
that for each z G C x = S(R) we have 

r 

h(z) = (diag(l, 1, z/z)- 1 ; I d ; I d ) G J] G iat (F 0Oi ), 

i=l 



using the identification of G^^J with GUd_n(f), chosen in 2.1.6 . Then the 



conjugacy class M int of h in H int (R) is isomorphic to B^ 1 if d > 2 and to C \ R if 
d = 2. The pair (H int , M m *) satisfies Deligne's axioms (see [[Del| , 1.5 and 2.1] or [Mill , 
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II, 2.1]), and the Shimura variety M c (H int , M int ), corresponding to (H int ,M m *), is 
isomorphic to X mt . 

3.1.2. For each pair (H int , M mt ) as above there is a number field £(H int , M int ) C C, 
called the reflex field of (H int ,M m *), which is defined as follows (compare [Pel 



1.2, 1.3 and 3.7]). The group Hom c (Sc, (& m )c) is a f ree abelian group of rank 2 
with generators z and z such that if i : S(M) c — > S(C) is the natural inclusion, 
then for each w G C x = S(C) we have z o i(w) = z and z o i{w) = w. Let 
r : (G m )c — > Sc be the algebraic homomorphism such that (^z 9 ) or(i) = x p . Then 
E(H int , M tnt ) is the field of definition of the conjugacy class of the composition map 

r" : (G m ) c S c H int c - 

Proposition 3.1.3. VFe /jaue ^(H 1 "*, M m *) = where the latter is viewed as a 
subfield of C through the embedding oo 1; chosen in 2.1.6} 



Proof. Note that H mt (C) is naturally embedded into GLd(C) 29 so that each factor 
corresponds to an embedding of K into C. Supposing that the first and the second 
factors corresponds to our fixed embedding and to its complex conjugate respectively 
we have 

r"{z) = (diag(l, 1, z -1 ); diag(l, ...,l,z); Id', Id) for each z G C x . 

Therefore the reflex field E(H int , M int ) contains K C C. On the other hand, the 
Skolem-Noether theorem implies that for each a G Aut^(C) the homomorphism 
a(r") is conjugate to r". This implies the assertion. □ 

3.1.4. Let T C H mt be a maximal torus of H int , defined over Q, such that some 
conjugate h' G M mt of h in H mt (IR) factors through Tr. Then we have a natural 
embedding i T : M c (T,h') ^ M c (H int , M int ), where M c (T,h') is the Shimura 
variety corresponding to (T, h'). Since T is commutative, the reflex field E T : = 

r h 1 

E(T, h') of (T, h') is the field of definition of the morphism r : (G m )c — ► Sc — ► 
Tc- Hence r" defines a morphism of algebraic groups over Q 

r > - TP* ■— "r i<r \ Rg T/Q , ( r,,) -r m NfiT ^ Q T 

Notice that _E T D _E'(H mt , M int ). Let #e t be the Artin isomorphism of global class 
field theory sending the uniformizer to the arithmetic Frobenius automorphism. Let 
A T : Gal(E^/E T ) -»■ T(A')/T(Q) be the composition map 

Ga\{E^/E T ) £ T (R)°\£ T (A)/£ T (Q) T(R)°\T(A)/T(Q) ^ T(A / )/T(Q). 
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For each E' D E(H int ,M mt ) we denote the composition map Ga\(E™ ■ E'/E') 
G&L(E#/Et) ^ T(A/)/T(Q) by X T , E , 

Lemma 3.1.5. Each maximal torus T of H mt , defined over Q, is equal to the 
intersection o/H mt with H L /qG m for a unique maximal commutative sub field L of 
D mt . (In such a situation we will call T an L-torus). In this case, a mt induces 
a nontrivial automorphism of L, and the subgroup T(Q) C L x = HL/K&m(K) is 
Zariski dense in R£/xG m . 

Proof. Let L be the subalgebra of D int spanned over K by T(Q) C H int (Q) C D int , 
then L is a commutative subfield and T(Q) C H int (Q) n R L/Q G m (Q). Since T is 
connected and Q is infinite and perfect, the subgroup T(Q) is Zariski dense in T 
(see Ch. V, Cor. 13.3]). It follows that T C H int n R L /QG m . Since T is 
maximal, L have to be maximal and T = H int n Rx/qG^. 

For each g E T(Q) we have a int (g) E g^F x C T(Q), so that a int {L) = L. To 
prove the last assertion we observe that there exists a maximal F-rational subtorus 
T of G int such that T = R F/Q (T). Then the subgroup T(Q) = T'(F) is Zariski 
dense in T' K = H L / K G m x (G m )x- Hence its projection to R^/xG m is also Zariski 
dense. □ 

3.1.6. Now we want to calculate the reflex field E T . Observe that L ®q C C 
D mt ®q C = Matrf(C) 29 . Possibly after a conjugation we may assume that L ®q C 
is the subalgebra of diagonal matrices of Matd(C) 29 . Then each diagonal entry of 
each of the 2g copies of Mat^(C) corresponds to an embedding of L into C, and the 
map r" : (G m )c — ► Tc is as follows: 

r"(z) = (diag(l, 1, z' 1 ); diag(l, 1, z); I d ; I d ). 

Let L\ be the embedding L C, corresponding to the right low entry of the first 
matrix, then the right low entry of the second matrix corresponds to the embedding 
i\ :— i\ o a %nt . Now we embed L into C via L\. 

Proposition 3.1.7. We have E^ = L C C, and r' : E^ — > T is characterized by 
r'(l) = I- 1 ■ a in \l) for each I E E^(Q) C L x . 

Proof. As was noted before, E T D E(H inb , M mt ). Hence by Proposition |3.1.3| , 



Erp D K. By the definition, a(r"(z)) = r"(a(z)) for each a E Aut^ T (C), hence the 
group Aut£ T (C) must stabilize ii, so that E T d L. Finally, it is clear that r" is 
defined over LcC. For each I E Et = L we have 

r'{l) = N L/Q (diag(l, 1, Z" 1 ); diag(l, 1, /); I d ; ...; I d ) = Z" 1 ■ a mt (l). 

□ 
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Set L w := L® K K w C D™ := D mt ® K K w . Since D™ 1 is a division algebra, L w 
is a field extension of K w of degree d, and L w = L ■ K w . 

Lemma 3.1.8. The following relations hold: 

a) E T -K w = L w ; b) E* b ■ K w = (L w ) ab . 

Proof, a) was proved above. 

b) The group GaX(E^-K w /E T -K w ) is abelian, hence L w C E^-K w C L$. By the 
class field theory, the composition of the canonical projections Gal((L w ) ab / L w ) — > 
Gal(£?T • ^W^t • -> Gal(E^/E T ) = Gal^/L) is injective (use, for example, 
||GF| , Ch. VII, Prop. 6.2]). Therefore we have the required equality. □ 

Proposition 3.1.9. For each I G L* C (D l ^ t ) x the element 

(r 1 , 1, 1) G (£>t n T x F v x G int (A^) ^ H int (A / ) 



belongs to T(A*), and zfo equivalence class in T(A*)/T(Q) is \t,k w (Ql w (1))- 

Proof. The statement follows immediately from the explicit formulas of Proposition 
p.l.7| using the connection between local and global Artin maps. □ 

Definition 3.1.10. A point x G M c (H int , M int )(C) is called (T-) special if x G 
i T (M c (T,/i)(C)). 

Remark 3.1.11. The group T(A^) acts naturally on the set of T-special points and 
the group T(Q) acts on it trivially. Hence by continuity the closure T(Q) C T(A^) 
acts trivially on the set of T-special points, therefore the action of T(A^)/T(Q) on 
it is well-defined. 

Definition 3.1.12. Let K' D E(H int , M int ) be a subfield of C. A C/fT-descent 
of the (H mt (A^), C)-scheme M c (H int ,M m *) is called weakly- canonical if for each 
maximal torus T H int as above, each T-special point x is defined over Etft ■ K', 
and for each a G GaX(E^ ■ K'/E T ■ K') we have a(x) = X TtK >(a)(x). 



Remark 3.1.13. Our definition of the canonical model coincides with that of ||Mi3|| , 
which differs from those of ||De2|| and ||Mil|| (see the discussion in |[Mi3| , 1.10]). The 



seeming difference (by sign) between our reciprocity map and that of |Mi3| | is due 
to the fact that we consider left action of the adelic group whereas Milne considers 
right action. 

Proposition 3.1.14. For each field K' satisfying £(H int , M int ) C K' C C there 
exists a unique (up to an isomorphism) weakly-canonical C/ K 1 '-descent of the 
(H int (A^), C) -scheme M c (H int , M int ). 
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Proof. Uniqueness is proved in |Pel| , 5.4], for the existence see ||Del| , 6.4] or [Mil, 
II, Thm. 5.5]. □ 

By Proposition |3.1.3| , we have E(H int , M int ) —Kg K w C C (in our convention 
p.2.2|) . Hence by Proposition |3.1.14| , the (E mt , C)-scheme X int has a unique weakly- 
canonical C/i^-descent X 



int 



3.2. Theorem on the p-adic uniformization. Now we are ready to formulate 
our 

Second Main Theorem 3.2.1. For each admissible isomorphism $ : E ^> E mt 
there exists a Q-equivariant isomorphism from the (E, K w )-scheme X to the 
(E int ,K w ) -scheme X int . 

Corollary 3.2.2. After the identification of E with E mt by means ofQ, we have for 
each S G F{E) of the form T n x S' with S' G J-'(E') an isomorphism of K w - analytic 
spaces if S : (X l s nt ) an A GL d (i^)\(E£ x (S'\G(A f F )/G(F))). These isomorphisms 

commute with the natural projections for T D S and with the action of E E mt . 

Proof, (of the Second Main Theorem) 

Step 1. We want to prove that for $ and /$ as in the First Main Theorem, the 
C/i^-descent of X mt corresponding to X is weakly-canonical. For this we have to 
show that for each maximal torus T H int as in |3.1.4j and each T-special point 
x = fe(y) G M c (H int , M int ){C) = X int we have: 

a) y G X(C P ) is defined over E^ ■ K w ; 

b) a(y) = $~ x ( A Tt M( o-))(z/) for each a G Gal(£^ ■ K W /E T ■ K w ). 

By Proposition |3.1.9| , Lemma |3.1.8| and the definition of admissible map, it will 



suffice to show that when L w is embedded into D w by means of the isomorphism 
jjvnt d w f rom Definition |2.2.1| we have 

i) every point y G X(C P ), fixed by $ -1 (T(Q)), is rational over {L w ) ab ; 

(3.1) ii) 6 Lw (l)(y) = 1'\V) for each I G L* C 5* = D* x {1} C D* x E' . 

Let (x, a) G E^ x E' be a representative of y G X(C P ). Then (er(x),a) is a 
representative of a{y) for each (not necessarily continuous) a G Autx IU (C p ). Recall 
that for each embedding L w <^-> Ma.td(K w ) there exists an (L* x L*)-equivariant 
L w -rational embedding ? : E^ <^-> E^- . 

Proposition 3.2.3. There exists an embedding L w <^-> Matd(K w ) such that the im- 
age of the corresponding T : E^ m E^ contains x. 
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Proof. Let x' G Q d Kyj be the projection of x. Then y' := [(x',a)] G (L>^\X) an = 
x (E') disc )/G(F)Z(G(F)) (use Proposition |L5lf ) is the projection of y. Since 



$ 1 (T(Q)) stabilizes y, it also stabilizes y', therefore the projection of a x $ 1 (T(Q))a 
to E' is contained in G(F)Z(G(F)) C In other words for each t G T(Q) C D int 
we have pr£;/(a _1 $ _1 (t)a) = g • z for some g G G(F) and some z G Z(G(F)). 

Since $ is induced by some algebra isomorphism D(Ap V ) D mt (Ap), we have 
Trt = Tr(a _1 $ _1 (t)a) = (Trg) • z. Therefore for £'s with non-zero trace we get 
z = (Trt) • (Tr^)- 1 G K x C (A^™'™) x . This means that pr^a" 1 ^ 1 ^) G 
G(F) C As the set of all t's in T(Q) C D int with Trt ^ generates L C £> in * 
as an algebra, the map / t— > pr^/(a~ 1 $ _1 (/)a) defines embeddings L e — > D and 
L w D <S>k K w = M.o,t d {K w ). 

^This shows ^that pr £ /(a- 1 <l>- 1 (T(Q))a) C G(F) C so that a- 1 $- 1 (T(Q))a C 
^ x T E C 5» x = £. He nce $- 1 (T(Q)) preserves p a (^ d K J C (X Cp ) an (in 
the notation of Corollary |1.5.4|) . Moreover, it follows from the definition of the 



X 



embeddings L w D„ and M&td(K w ) that for each t G T(Q) C L x C L 

the image of a _1 $ _1 (£)a C D* xT E under the canonical map D* xT E ^ D* xT G C 
D* x GL d (K w ) is equal to (t, t). Since y is a fixed point $ _1 (T(Q)), we conclude 
from the above that (t,t)(x) = x for every t G T(Q). Noticing that T(Q) is Zariski 
dense in H L / K G m by Lemma |3.1.5| and that Ri/^G m ®x K w = H Lw / Kw G m , Lemma 



1.4.5| completes the proof. □ 



Since i is (L* x L*)-equivariant and L^-rational, the proposition together with 
Lemma |1.4.3| imply ( |3.1|) . In other words, we have proved that for some admissible 
isomorphism $ : E —> E mt there exists a $-equivariant i^-linear isomorphism 
/* : X A X mt . 

Step 2. Let \I/ be another admissible isomorphism 2£ — > E mt . The definition 
of admissibility together with the theorem of Skolem-Noether imply that \I/ o : 
£? m * — > E mt is an inner automorphism, so that there exists G E mt such that 

* o <&-\g) = g^gg^, 1 for all g G £? nt . Take fa : X X in * X in *. Then for 
each g £ Ewe have /^og = g^ofaog = gyo$(g)ofa = (g^,o^(g)og~ 1 )o(g^,ofa) = 
(\1> o $ _1 )($(g)) o fa = ty(g) o that is is a \l/-equivariant isomorphism. This 
completes the proof of the Second Main Theorem. □ 



4. P-ADIC UNIFORMIZATION OF AUTOMORPHIC VECTOR BUNDLES 

In the previous section we proved that the Shimura varieties corresponding to 
the pairs (H int , M int ) have p-adic uniformization. Our next task is to show the 
analogous result for automorphic vector bundles. 
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4.1. Equivariant vector bundles. 

4.1.1. Set H := Rp/qG. Then for some algebraic group H over K w we have 
natural isomorphisms H Kw = GL d x H, PH Kw = PGL d x PH and PH^ ^ 
PGL 1 (.EF 1 *) x PH, where the first factors correspond to the natural embedding 
F K w . Using these decompositions let PHk w acts on P^ 1 through the natural 
action of the first factor and the trivial action of the second one, and let H(K W ), 
PH(K W ) and PH int (R)° = PGU d . M (R) x PGUd(K)^ 1 act similarly on H d Kw , on 
ilj <w and on B d ~ l respectively. Let /5r be the natural embedding B d ~ l (P^T 1 ) " 
and let (5 W (resp. f3 w>n ) be the composition of the natural projection — > 
(resp. E^" -> fi^J and the natural embedding Q d Kw ^ (P^" 1 )"™. 

Let 7r G be a uniformizer, let IT be an element of GL d (K w ) satisfying Y[ d = it, 
and let IT G PGL d (K w ) be the projection of ft. Set n := (n', 1) G PGL d (K w ) x 
PH(if ffl ) = PH(i^ w ). Let Kffl be the unramified field extension of K w of degree 
d. Since the Brauer invariant of D™ 1 is 1/d, the group PH^ is isomorphic to 

the quotient of PHk w <8>k w K^y 1 by the equivalence relation Fr(x) ~ n _1 a;n, where 
Fr G Gsl(Kffl / K w ) is the Frobenius automorphism. For each scheme Y over K w on 
which PH Kw acts ^-rationally define a twist Y tw := (Fr(x) ~ n _1 :r)\Y ® Kw K$ . 
Then Y ® Kw K { J } ^ Y tw ® Kw , and the natural action of PH&* on it is K w - 
rational. 

Let 1U be a PHx w -equivariant vector bundle on P^ 1 , that is a vector bundle on 
P^r 1 equipped with an action of the group PHk w , lifting its action on P^r 1 . Then 
(W tw ,p tw ) is a PHg* -equivariant vector bundle on (P^ 1 )*™, and /3r((W£")™) (resp. 
/^(W an ), /% )n (W an )) is a PH int (R)°- (resp. H(X w )-jequivariant analytic vector 
bundle on B d ~ l (resp. Z d Kw , T, d £). 

For each S G T(E) (resp. 5 G F(E int )) consider a double quotient 

^_ ~ int 

V s := S\[f3^(W an ) x E']/T (resp. V 5 := S\[(3^(W^ w ) an x 

^_ ~ int 

Proposition 4.1.2. For each S G F{E) (resp. S G T{E int )) V s (resp V s ) has a 
natural structure of an affine scheme Vs over Xs (resp. Vg nt over Xg 1 *). Moreover, 
Vs (resp. Vg nt ) is a vector bundle on Xs (resp. X™ 1 ) if S is sufficiently small. 

Proof. We give the proof in the p-adic case. The complex case is similar, but easier. 

I) First we take S of the form T n x S' with sufficiently small S' G F(E') . Then V s is 
a finite disjoint union of quotients of the form T aS > a -i\f3l,^ n {W an ) with some a G E' . 

Since the projection E^-" — > Vt d Kw factors through each r a5 / a -i i0 \E^ (in the notation 
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of the proof of Proposition |1.5.2|) , the quotient T aS > a - 1 ,o\f3w,n(W an ) is naturally an 
analytic vector bundle on r a5 / a -i \S^ n . Now (as in the proof of Proposition |1.5.2| ) 
the quotient vector bundle PT a s a -i\(f aS , a -i t0 \l3^ n (W an )) T aS , a -,\(3^ n {W an ) on 

^aS'a^X^R 1 * s obtained by gluing. For the algebraization we use Corollary |1.2.3| a). 

II) For each T G ^F{E) there exists a normal subgroup of the form S = T n x S', 
where S' G J-"(E') is sufficiently small. Then by the same considerations as in 
Proposition |1.3.7| , Vr can be defined as (T/S)\Vs (using Corollary |1.2.3| , a)). 

III) Suppose that Vs 1 and Vs 2 , constructed in I) and II), are vector bundles on 
X$ 1 and Xs 2 respectively for S\ C S2 in ^(E). Then the natural morphism / : 
Vs 1 —> Vs 2 x Xs 2 of vector bundles on Xg t induces an isomorphism on each fiber. 
Hence it is an isomorphism. 

IV) Suppose that T C S in J-'(E) and that Vs is a vector bundle on Xs- Choose 
a normal subgroup So G J-'(E) of T such that Vs is a vector bundle on Xs ■ Then 
V T = (T/S )\V So * (T/S )\V S x Xs Xs = V s x Xs ((T/S )\X So ) = V s x Xs X T , so 
Vr is a vector bundle on X T . □ 



4.1.3. Choose S G F{E) (resp. S G F(E int )) sufficiently small. Then Vgjresp. 
Vg nt ) is a vector bundle on X s (resp. XJf*). Thus V := Vs x Xs X (resp. V mt : = 
Vg nt x xint X mt ) is a vector bundle on X (resp. X mt ). By Step III) of the proof, 

V (resp. V mt ) does not depend on S. Each g G E (resp. g G E mt ) defines an 
isomorphism Vg n ^ VgSg- 1 ( res P- (Vg nt ) an —> (V^g*_i) ari ) . Therefore by Corollary 
|1.2.3| a), g defines an isomorphism Vg ^ V gSg -i (resp. Vg nt K^-i)- The product 
of this isomorphism and the action of g on X (resp. X mt ) gives us an isomorphism 
g :V = V S xx s x V^sp-i Xx sSr , X = V (resp. # : V^ n * A T/ int ). Thus we have 
constructed an algebraic action of E (resp. of E mt ) on V (resp. V mt ), satisfying 
S\y ^ y s for all 5 G ^(^ (resp. S^V** V l s nt for all 5 G T{E int )). Moreover, 

V = UmVs and V int = limKf 1 '. 



By ||Mil|| , there exists a unique canonical model V mt of V mt over (the defini- 



tion of the canonical model will be explained in the last paragraph of the proof of 
Proposition 4.3.1) such that V mt is an i? mt -equivariant vector bundle on X mt . 



Our main task is to prove the following 

Third Main Theorem 4.1.4. For each admissible isomorphism $ : E A E mt , 
each isomorphism from the First or the Second Main Theorem can be lifted to a 
§-equivariant isomorphism f$>y '■ V y mt , 
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We will prove this theorem, using standard principal bundles(=torsors) (see ||Mil . 
Ch. Ill, §3]). 

4.2. Equivariant torsors. 

4.2.1. For each S G F{E) (resp. S G T(E mt )) consider the double quotient P$ '■ = 
S\[E d Kw x (PH Kw ) m x E')/T (resp. P| nt := S\[B d ~ 1 x (PH int c ) an x E int )/T int ). 

^ ~int 

Proposition 4.2.2. For each S G F{E) (resp. S G T{E int ) ) P s (resp. P s ) has a 
natural structure of an affine scheme P$ over Xs (resp. P s nt over X™ 1 ). Moreover, 
Ps is a PHk w -torsor over Xs (resp. P s nt is a PH int c- torsor over Xg 11 ) if S is 
sufficiently small. 



Proof, is almost identical to that of Proposition |4.1.2| (using Proposition |1.9.13| and 



Lemma |l-9-3j instead of Corollary |1.2.3| a) and arguments of step III) respectively). 

□ 

4.2.3. Arguing as in |4.1.3| and using Corollary |1.9.14| we obtain an i?-equivariant 
PHK w -torsor P = limPs over X (resp. an P m *-equivariant PH mt c-torsor P mt = 



limPg> over X int ). By [[Mil , III, Thm. 4.3], there exists a unique canonical model 



pmt Q f pmt over ^Yie definition will be explained in Corollary |4.7.2|) such that 
pmt j g an ^; m *_ e q U i var i an t PH^-torsor over X mt . Let 7r : P — > X and 7r m * : 
pmt jrmt ^ e na ^ ura i projections. Denote also the natural projection from 
the PH&* -torsor P tw to X by ir tw . 

Fourth Main Theorem 4.2.4. For each admissible isomorphism $ : E A E mt , 
each isomorphism from the First or the Second Main Theorems can be lifted to 
a ^-equivariant isomorphism f$ t p : P tw ^ P mt of PH^?* -torsors. 

4.3. Connection between the Main Theorems. 

Proposition 4.3.1. The Fourth Main Theorem implies the Third one. 

Proof. Consider the pro-analytic maps p 7 : [S^ x (PH Kw ) an x (E') dlsc ]/T — > 

{F d ^) an and (j)') int : [B^ 1 x (PHj. nt ) an x [E int ) disc ] /V int -> (P^ _1 ) an given by 

7(x, g, e) = gP w (x) and tf') int (x, g, e) = g(3 c (x). Then p 1 (resp. (f) mt ) is (PH K J m - 
(resp. (PH int c) m -) equivariant and commutes with the action of E (resp. E mt ). 

Hence it defines an equivariant analytic map p : P an — ► (P^ ) an (resp. p : 

^pint^an ^ ^pd—l^an^ 
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Proposition 4.3.2. There exists a unique algebraic morphism p : P — > P^- 1 (resp. 

. . — . , . , . ~int 

~ m t . pint -*^ d ~ l ) suc h that p an = p (resp. (p mt ) an ^ p ). 



Proof. We prove the statement for p (in the second case the proof is exactly the 
same). We have to show that the graph GV(p) C P an x (P^ 1 ) ™ corresponds to an 
algebraic subscheme. For each S E J~(E) let ps ■ Ps n (Pav, 1 )"™ De ^ ne m orphism 
induced by p. Since Gr(p) = limGr(ps) C (limP| n ) x (Fff l ) an , it remains to show 

s s 

that the graph Gr(ps) C Pg n x (P^ 1 ) ™ corresponds to a unique algebraic subvariety 
for each S sufficiently small. 

Take S so small that X$ is smooth, then by Lemma 1.9.5| b) there exists a quotient 



Qs ■= PH Kw \(-P,s x F Kw ) by the diagonal action of PH Kw . Moreover, Q s is a 
P d_1 -bundle on X$, hence it is projective over K w . Let a : P s x P^" 1 -> Q 5 be 
the natural projection. Since ps is (PHK w ) an -equivariant, Gr(ps) is invariant under 
the diagonal action of (PH Kw ) an - Therefore the quotient Q := (PH Kw ) an \G^ps) 
is a closed analytic subspace of Q s n , so that it is algebraic (see Corollary |1.2.2| ). It 
follows that its inverse image a~ l {Q) = Gr(ps) is also algebraic. The uniqueness is 
clear. □ 



Claim 4.3.3. The map p is the only (PH int c) m x E tnt -equivariant analytic map 
from {P int ) an to (F^' 1 ) an . 

Proof. Let p' : [p vnt y n — > (JP d r 1 ) an be any such map. Composing it with the natural 
(PH int c ) an x £ in *-equivariant projection [B^ 1 x (PH int c ) an x (E int ) disc ]/T int -> 
(P m< ) an and identifying a complex analytic space with the set of its C-rational points, 
we obtain a PH int (C) x £ in *-equivariant analytic map p" : [B^ 1 x PH int (C) x 
^ E intyiscy V int _^ (p£-i)cm Let po b e the restriction of p to B^ 1 A B d ~~ l x {1} x 
{1}. Then p"(x,g,e) = gp (x) for all x E B^ 1 , g E (PH int c ) an and e E E int . 
Therefore 7po(^) — Po{l x ) f° r an 7 E T tnt and x E B d ~ x . Since the subgroup T mt 
is dense in PGUd_i,i(M.)°, we obtain by continuity that -ypo(x) = Po(-yx) for all 
7 E PGUd-i,i(K)° and x E B d ~ x . In particular, for the origin E B^ 1 we get 
5'ta6pGu d _ lil (R)o(0) C S , ta&p GUd _ lil(K )o(p o (0)). The subgroup 5 , ta6 PGUd _ 1 l(R) o(0) 
stabilizes precisely one point (0 : ... : : 1) E P d_1 (C) if d > 2 and two points 
(0 : 1) and (1 : 0) in P X (C) if d = 2. The case po(0) = (1:0) is impossible, because 
identifying P X (C) with C = C U oo by (x : y) t— > x/y we would get in this case 
Po{z) = 1/z for all z E B 1 , contradicting the analyticity of po- We conclude that 

p (0) = (0 : ... : : 1). Hence p = /3 R and p' = p . □ 
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4.3.4. Next we show that the map p int : P^ -> (P^ff is ^-rational. Recall 
that the map p mt is PH int c-equivariant and that the actions of the group PH^ 
on both P int and (P^" 1 )'™ are ^-rational. Therefore for each a G Aut(C/K w ) 
the analytic map (j(p int ) an is (PH int c) m x P mt -equivariant, hence it coincides with 

(p tn ) an = p . By the uniqueness of the algebraic structure, cr(p ) = p . 

It follows that p nt defines a PHj£* x £ int -equivariant map p in * : P in * -> (Tj^) tw . 
Notice also that p defines a PH^* x P-equivariant map p tw : P tw — > (P^ 1 )'"'. 

Suppose that the Fourth Main Theorem holds, then 

Lemma 4.3.5. We have p mt o f$ P = p tw . 

Proof. By the claim, p = (p™ ) an is equal to (p^ o (/$,p) c ) an . From the unique- 
ness of algebraic structures we conclude that p™ 1 = p^ o (/^p)^ 1 . Now we descend 



to K w as in |4.3.4| . □ 

It follows from the definitions that p*(W) = n*(V) (hence p*(W) tw = (7r tw )*(V)) 
and (p Hnt )*(Wl w ) = (V*"*). Lemma |Tg^ allows us to define \/ in * by the re- 

quirement that (V n *)*(\/ m *) = (p mt )*(W tw ). (By the definition, this is the canonical 
model of V int on X mt ). Lemma [4.3.5| implies that /$p can be lifted to the $- 
equivariant isomorphism p*(W) tw = (p tw )*(W tw ) (p m *)*(iy' u '), commuting with 
the PHg' -action. This gives us the PH^' -equivariant isomorphism (7[ tw )*(V) — > 



7T 



' M| *(V rm '). Hence the Third Main Theorem follows from Lemma [1.9.5| . □ 



Remark 4.3.6. Tannakian arguments can be used to show (see Theorem [1.9.10 



and the discussion around it) that the Third Main Theorem implies the Fourth one. 
We will not use this implication. 

4.4. Reduction of the problem. 

4.4.1. Now we start the proof of the Fourth Main Theorem. For simplicity of 
notation we identify E with E vnt by means of $ and X with X int by means of 
/$. Recall that Ps,c is a PHc-torsor over X$,c for ah sufficiently small S G J-"(E), 
hence {P s ,c) an is a (PH c ) an -torsor over {X s 'c) an and {P c ) an = {P s ,c) an X(jr s , c )«" 
(X c ) an is a (PH c ) an -torsor over (X c ) an = [P^ 1 x (E int / E™ 1 )^}/ PT int . Set F : = 
(vr an )- 1 ( J B o! - 1 x {1}) c (P c ) an - Then F is a (PH c ) an -torsor over Recall that 

E = E l nt acts trivially on P, hence (P c ) an = (Y x (E int / E l nt ) disc ) / PT int . 

Proposition 4.4.2. There exists a homomorphism j : PT mt — > PH(C) and an iso- 
morphism (P c ) an A (B^ 1 x (PH c ) an x (E int / E™ 1 )^) / PT int such that (x, h,g)j = 
(7" x x, hj(j),gj E ) for all x G B^ 1 , /i G (PH c ) an , g G E int /E l nt and 7 G Pr in *. 
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Proof. The proposition asserts that there exists a decomposition Y = B d ~ l x 
(PH c ) an such that the group PT mt acts on B d ~ x x (PH c ) an by the product of 
actions on factors. 

The trivial connection on ^ d Kw x (PHk w )™ — > is T x D* -invariant, there- 
fore it defines a natural ^-invariant flat connection TC on the (PHK w ) an -torsor 
[E d Kw x (PH Kw ) an x E disc }/T over [E^ x E disc }/T. Since for all sufficiently small 
S gV(P) the projection (E^ x (PHkJ™ x E disc )/T -> Pf n is etale, it induces 
an isomorphism of tangent spaces up to an extension of scalars. Hence TC induces a 
flat connection TCs on Pg n . By the definition, TCs is a (PHK w ) ara -invariant analytic 
vector subbundle of (Tp s ) an , therefore Lemma |1.9.5| and Corollary |1.2.3| imply the 



existence of a unique flat connection TCs on Ps such that TCs — TC s n - Since the pro- 
jection itg : P — > Pg is etale, Hs defines a unique flat connection TC on P satisfying 
(tts)*(H) = TCs- Moreover, TC is P-equivariant and does not depend on S. 

The connection TC determines flat connections Tic on Pq and (TCc) an on (Pc) an . 
Let TC' be the restriction of (TCc) an to Y. Then TC is a Pr m *-invariant flat connection 
on the (PHc) an -principal bundle Y over the simply connected complex manifold 



B 1 . By Lemma |1.9.19|, there exists a decomposition Y = B 1 x (PHc) an such 



that the corresponding action of PT mt on B 1 x (PHc) an preserves the trivial 
connection. 

For each 7 e PT int let 7 : B d ~ l x (PH c ) m -> (PH c ) m be the analytic map such 
that 7(2;, /i) = (7(x),7(x, /i)) for all x G and /i G (PH c ) an . Since the action 

of PT int preserves the trivial connection, we have d'y/dx = for each 7 G PY mt . 
Hence analytic 7's depend only on h. Since the action of PT tnt commutes with 
the action of (PH c ) m , we have 7O) = hrf(l) for all h G (PH c ) m and 7 G PT int . 
Therefore the map 7 i— > 7(1) _1 is the required homomorphism. □ 

Theorem 4.4.3. There exists an inner isomorphism (=inner twisting) $c : PHc ~^ 
PH int c such that j o $ c : Pr m * = PG int (F)+ -> PH int (C) S PG int (C ® Q F) is 

induced by the natural (diagonal) embedding F ■=— > C ®<q F = C g . 

Remark 4.4.4. Algebraization considerations as in Lemma |2.2.6| (using Proposi- 
tion |1.9.13| instead of Corollary |1.2.2j ) show that Theorem [4.4.3| implies the existence 



of a $-equivariant isomorphism P^ 1 P m ' ; lifting 

4.5. Proof of density. To prove Theorem |4.4.3| we will use Margulis' results. For 
this we first show that the subgroup j(PT mt ) is sufficiently large. We start with the 
following technical 

Lemma 4.5.1. let n and d be positive integers. For each % = 1, ...,n we denote by 
pri the projection to the i-th factor. 
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a) Let Qi,...,Q n be Lie algebras, and let 7i be an ideal in the Lie algebra Q = 
IIlLift- Then H^ntM'H, Gil. 

b) Let A be a subgroup o/PGL d (C) n . Suppose that pr^A) is infinite for every 
i — 1, ...,n. If A := CommpGL d (c)»(A) is Zariski dense in (PGLd) n , then the same 
is true for A. 

c) If a subgroup A C PGUd(IR) n is Zariski dense (in (PGUd)'V, then it is dense. 

Proof, a) If x = (x u ...,x n ) G n"=i & belongs to H, then [x, y*] = (0, [x h 0) = 

[prj x, i/i] G H for all y { G Q { . 

b) Let J be the Zariski closure of A in (PGLd) ra , then fl J is an algebraic 
subgroup of finite index in J for each 5 G A. Hence 5J°5~ 1 = J°. In particu- 
lar, the subgroup Ad A stabilizes LieJ C Lie(PGLd) n . Since A is Zariski dense 
in (PGLd) n , the Lie algebra LieJ = LieJ is an ideal in Lie(PGLd) n . By our 
assumption, pr^(J) is an infinite algebraic group for each i = l,...,n, therefore 
prj(Lie J) ^ is an ideal in a simple Lie algebra Lie(PGLd). Therefore a) implies 
that LieJ = Lie(PGL d ) n . Since the group (PGL d ) n is connected, J = (PGL d ) n . 

c) Let M be the closure of A in PGUd(M) n . Then M is a Lie subgroup of the Lie 
group PGU d (M) n . Hence Lie M is an Ad M-invariant subspace of Lie(PGU d (M)) n . 
Since the adjoint representation is algebraic, LieM is an ideal in Lie(PGUd(K)) n - 
Since M is compact, it has a finite number of connected components. Hence 
M° is also Zariski dense, therefore it is not contained in PGUd(l)' <_1 x {1} x 
PGUd(K)"" ! for any % = 1, ...,n. It follows that LieM = LieM is not contained 
in Lie(PGU d (M))^ 1 x {0} x Lie(PGU d (K)) n_i , so that pr^LieM) ^ 0. Now the 
assertion follows exactly in the same way as in b). □ 

Proposition 4.5.2. The subgroup j(PT mt ) is Zariski dense in PHc- 

Proof. Let G' C PH C be the Zariski closure of j(PT int ). Then R := (B d ~ l x 
(G') an x (PG int (A f /)) disc )/PT int is a PG int (A^)-invariant (G') an -subtorsor of 
the (PH c ) an -torsor (P<£) an = ((G int (F v ) x Z (E int ))\P c ) an ^ [B^ 1 x (PH c ) an x 
(PG int (A f /)) disc }/PT int over (X£) an = [B^ 1 x (PG int (A^)) (il ' sc ]/PP n *. Hence 
by Proposition |1.9.13| there exists an algebraic G'-subtorsor R of P£ such that 
R an = R. Using our identification of C p with C, we obtain a closed analytic sub- 
space (R Cp ) an C (Pc p ) an = (tt d Kw ® Kw C p x (PH Cp ) m x (PE') disc )/PT. Recall that 
PT = PH(Q) is naturally embedded into PH(C P ). 

Lemma 4.5.3. The subgroup generated by the elements of PT with elliptic projec- 
tions to PGLd(K w ) is Zariski dense in PHc p . 

Proof. The subgroup of PGhd(K w ) generated by the set of all elliptic elements 
is open and normal, because a conjugate of an elliptic element is elliptic. Hence 
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it contains PSL d (K" w ). The subgroup PTq H PSLa(K w ) is dense in PSL d (K w ). 
Therefore by [|Ma| , Ch. IX, Lem. 3.3], the subgroup of PT G generated by all elliptic 
elements of PTq contains PT G H PSLd (i^u,). In particular, it has finite index in 



PTc = PH(Q). Since PH is connected, the statement follows from ||Bo| , Ch. V, 



Cor. 18.3]. □ 

If G' 7^ PHc, then by the lemma there exists 7 G PT with elliptic projection 
to PGUd-i,i(K) whose image 7 P G PH(C P ) does not belong to G'(C P ). Let x G 
tt d Kw ® Kw £ p x {1} c (X£ ) an be an elliptic point of 7^ G PE', and let x be an 
arbitrary point of (Rc p ) an , lying over x. Then Je(%) = J p (x) is another point of 
(Rc p ) an , lying over x. Hence 7 P must belong to G'(C P ), contradicting to our choice 
of 7. □ 

Recall that we defined in Proposition |4.3.2| the algebraic PHk w x P-equivariant 
map p : P -> Pjr 1 . Identify PH C with (PGL d ) 9 in such a way that the first factor 
corresponds to the embedding 00 1 : K C. Denote by jk '■ PT mt — > PGL d (C) the 
composition of j with the projection pr^ of PGL d (C) 9 to its k-th factor. Denote 
also by pr l the projection of PGL d (C) 9 to the product of all factors except the i-th. 
We will sometimes identify PT int with its projection PF™* C PGU d -i,i(R)°. 



00 

int\ 



Proposition 4.5.4. The subgroup ji(PT mt ) is not relatively compact in PGLd(C). 

Proof. If not, then j\{PV mt ) is contained in some maximal compact subgroup of 
PGL d (C) (see for example | |PK| , Prop. 3.11]). After a suitable conjugation we 



may assume that ji(Pr mt ) C PGU d (R). By Proposition |45J , jt(PT mt ) is Zariski 



dense in PGL d , hence it is infinite. Therefore, by Lemma |4.5.1| , ji(PT mt ) is dense 
in PGUd(f). 

Consider the map p : P(C) -> P ^C ) and its restriction p to B^ 1 x {1} 2* P^ 1 . 
Then, as in the proof of Claim |43]| p : P^ 1 -> P^C) satisfies p (7x) = 



ji(7)p (a ; ) for all x <E B d 1 and 7 G pr m *. The group PGU d (M) acts transitively 
on P d - x (C), hence potP^ 1 ) is dense in P d - 1 (C). 

Now we want to prove that : pr m * — ► PGU d (R) can be extended to a continu- 
ous homomorphism Jx : PGUd^,^!) -> PGU d (l). For each G PGU d _i,i(M) 
choose a sequence {7„} n C Pr m * c PGU d _i i i(P)° converging to g. Since PGU d (M) 
is compact, there exists a subsequence {7n fc }fc C {7n}n such that {ji(7n fc )}& con- 
verges to some a G PGU d (M). Then p Q (gx) = limp (7„ fc (x)) = (]im.ji(j n .))p (x) = 

k k 

apo(x) for all x G P d_1 . In follows that a = a(g) depends only on g, since po(P d_1 ) 
is dense in P d_1 (C) and since the group PGL d (C) acts faithfully on P d_1 (C). In 
particular, a(g) does not depend on the choice of {7„} n , and a(g) = limj 1 (7 n ). It 

n 

follows that ji := a is the required extension. 
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Since PGUd-i,i(K)° is simple and ji(Pr m *) is dense, j\ must be injective and 
surjective. Hence is it an isomorphism, a contradiction. □ 

Proposition 4.5.5. For eachi = 1, ...,g the homomorphism ji : PT mt — > PGLd(C) 
is injective. 

Proof. Suppose that for some % the subgroup Aj := Ker(jj) is non-trivial. Then Aj is 
a normal subgroup of PT int = PT*£ C PGUd^,!^) . Hence the closure of (A;)^ 
is a non-trivial normal subgroup of a simple group PGUd-i,i(I£) - Therefore the 
projection (Aj)^ is dense in PGUd-i,i(M)°. Hence there exists an element 5 G Aj 
with elliptic projection 5^ G PGUd-i,i(IR) - Therefore the element (J(8),8e) G 
PGL d (C) 9 x PE' has a fixed point [y,g,e\ G P"(C P ) = (tt d Kw (C p ) x PGL d (C p ) 9 x 
PE')/PY. Hence {g~ 1 j{8)g, e- x 5 E e) stabilizes [y, 1, 1] G P"(C P ). It follows that 
e _1 5ge = 1e for some 7 G PT = PH(Q) and that g~ 1 j(S)g G PH(C P ) is the image 
of 7. Hence jk{8) 7^ 1 for all k, contradicting to our assumption. □ 

4.6. Use of rigidity. Now we are going to use the following theorem of Margulis 
Pa) , Ch. VII, Thm. 5.6]. 

Theorem 4.6.1. Let L be a local field, let 3 be a connected absolutely simple adjoint 
L-group, and let A be a finite set. For each a & A let k a be a local field and let 
G a be an adjoint absolutely simple k a -isotropic group. Set G := Yl G a (k a ). Let T 

be an irreducible lattice in G, and let A be a subgroup of Commo(T) . Suppose that 
rankG := Y2 ran ^k a G a > 2. 

If the image of a homomorphism r : A —>■ 3(L) is Zariski dense in 3 and not 
relatively compact in 3(L), then there exists a unique a £ A, a continuous homo- 
morphism 9 : k a — ^ L and a unique 9-algebraic isomorphism g : G a — > 3 such that 
t(A) = T](9(pr a (X)) for all A G A. 



4.6.2. We use the notation of $AA\ with A' = PT int . Take any M and S such that 



rank G^j > 2. Then by Proposition [2.4.5| , V := A s is an irreducible lattice in G 



m- 



We will try to apply Theorem [4.6.1| in the following situation. Take G = G^, A be 
the projection of A' to G^, L = C, J = (PGLd)c and r be the homomorphism 
ji : PT mt — > PGLd(C) for some % G {1, ...,(?}. Consider first % = 1. By Proposition 



4.5.2 and Proposition [4.5.4 , r = ji satisfies the conditions of Theorem 4.6.14 hence 



there exists an algebraic isomorphism gi : (PGUd-i,i)c ~" *■ (PGLd)c such that 
ji (7) = Viiloo) for all 7 G PT int . 

Now take % > 2. Suppose that ji(PT mt ) is not relatively compact. Then using 
again Proposition |4.5.2| we conclude from Theorem [4.6.1| that there exists an alge- 
braic isomorphism rji : (PGUd-i,i)c — *" (PGLd)c such that ^(7) = gii^oo) for all 
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7 G PT mt . In particular, j(PT mt ) is not Zariski dense in (PGLd) 9 . This contra- 
dicts to Proposition |4.5.2| . Therefore after a suitable conjugation we may assume 
that ji{PT int ) C PGU d (l) for all i = 2,...,g. 

It follows that up to an algebraic automorphism of (PGLd) 9 , j(PT mt ) C PGUd-i,i( 
PGUd(l)^ 1 = PH int (R) and that j 1 is the natural embedding PG int (P) + ^ 
PG mt (-F 00l ). Therefore j together with the natural embedding PG int (P) + <^-> 
PG int (A^) embed PY int into PGU d -i,i(M) x PGUd(R)^ 1 x PG int (A£"). 

Lemma 4.6.3. The closure of the projection of PT int to PGUd(l) 9 " 1 xPG int (Af v ) 
contains PGU d (R)9" 1 x P((G int ) der (A^)). 

Proof. Let (g^gf) be an element of PGUd(M) 9 " 1 x P((G int ) der (A^)), let U C 
PGUd(R) 9 - 1 be an open neighbourhood of g^, and let S G J(PG int (A^)). We 
have to show that PT mt fl (PGU d _i,i(]R) x U x g^S) ^ 0. By the strong approxi- 
mation theorem there exists a 7 G PT mt , whose projection to PG int (A^) belongs 
to g f S. Let 7' be the projection of 7~ x to PGU d (M) s_1 . 

Since j(PT mt ) belongs to the commensurator of A5 := j(PT l g t ) in PGLd(C) 9 , 
Proposition [4.5.2| , Proposition |4.5.5| and Lemma |4.5.1| , b), c) imply that pr 1 (Ag) 



is dense in PGUd(R) 9 1 . It follows that there exists 5 G pY mt whose projection 
to PGUd(f)^ 1 x PG int (A^) belongs to iU x S. Then 7^ belongs to PT int n 
(PGU d -i,i(M)° x U x g f S). □ 



4.6.4. Now we proceed as in the proof of Theorem |2.2.5| . Let M and S be as in 
2XIj and let PTf 1 be the projection of PVf^ := PT int n PGU d (M) 5_1 x G Al x S 



to PGUd(IR) 9 1 x Gfj. The proof of Proposition |2.4.5| holds in our case, hence 



PT™ 1 is arithmetic. It follows that there exists a permutation cr of the set {2, ...,g} 
such that for every % = 2,...,g there exists a unique algebraic isomorphism rj : 
PGf^. — * PGUd satisfying ^(7) = jV^Ct) f° r each 7 e P^ls]- m particular, a 
and the r^'s do not depend on M and S. Since pr mi = U PT^.*, we then have 

r «(7) — J<j(i)(7) f° r a H i e {2, ••-,5'} and 7 G pr m *. This shows the existence of an 
algebraic isomorphism <3>c wich will satisfy Theorem [4.4.3|, if we show that it is inner. 



But this can be immediately shown by the standard argument using elliptic elements 
and function t defined in |2.5.5| (compare for example the proofs of Proposition \2.5.t 
and Proposition |4.5.5"1) . 



4.7. Rationality question. Consider the (PH int c ) an -torsor (P" 1 )™ ^ [B d - 1 x 
(PH int c ) an x (E int /E l nt ) disc ]/PT int over (X int ) an . As in the p-adic case, it has a 

~ int 

canonical flat connection 7i . The same considerations as in the p-adic case (see 
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the proof of Proposition |4.4.2|) show that there exists a unique connection Ti. tnt on 

P int such that (y-l mt y n = Ji .It follows from the proofs of Proposition |4.4.2| and 
Theorem |Q3| that (U, P )*(H C ) = H* 



jint 



Lemma 4.7.1. If an analytic automorphism (p : (p m *) an ^ (pmt^an commutes 
with the action of (PH int c) an x E mt , preserves 7i mt and induces the identity map 
on (X int ) an = (PH c ) m \(P int ) m , then if is the identity. 

Proof. Recall that {P mt ) an [13 d - 1 x (PH int c ) an x (E mt / E l nt ) disc } / ' P? int • Since if 
induces the identity map on (X m ') an , there exists a holomorphic map ip : B d ~ x — > 
(PH int c) an such that ip[x, 1,1] = [x,i/;(x),l] for all x G B d ~ x . Since ip preserves 
TC mt , we have dtp/dx = 0. Hence ip is a constant, say a. Then <^[x, /i, e] = [x, ha, e] 
for all x G B d ~ x , h G (PH int c ) an and e G E int . In particular, ^[x, 1, 1] = 
vb^xJil),^] = h^xJi^a, j E ] = [x,j(7)aj(7) _1 ,l] for all 7 G Pr m *. There- 
fore j{'j)a,j('-f)- 1 = a for all 7 G T m *. Since PT int is Zariski dense in PH mt c, 
a = l. ' □ 

Corollary 4.7.2. T/ie torsor P mt has a unique E mi -equivariant structure P mt of a 
PH^^-torsor over X mt such that there exists a connection TC int on P mt satisfying 

H™' = Ti, mt . (P mt is called the canonical model of P mt over X mt .) 



Proof. The existence is proved in [ Mil| , III, §3]. Suppose that P' and P" are two 
structures satisfying the above conditions. Let f : P^ ^ P mt ^ P^ be the natural 
isomorphism. For each a G Aut^(C) set (p a := o-(f)~ 1 o f. Then the automorphism 
((p a ) an of (-Pc) an — ( y P mt ) an satisfies the assumptions of the lemma. Hence (f a ) an is 
the identity, so that a(f) = f for all a G Aut^(C). It follows that P' = P" . □ 

To finish the proof of the Fourth (and the Third) Main Theorem it remains to 
show that the homomorphism f$ tP : P£" A P™* is i^-linear. Since (/^p)*^^) = 

(/*,p)*(^c) = T^c - *, this follows from the lemma by the same considerations as the 
corollary. 
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